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THEORETICAT, BACKGROUND FOR THERMIONIC CONVERSION
INCLUDING SPACE-CHARGE THEORY, SCHOTTKY THEORY,
AND THE ISOTHERMAL DIODE SHEATE THEORY
by Wayne B. Nottingham* and Roland Breitwieser

Lewis Research Center

SUMMARY

A thecoretical background to the analysis of thermionic converter perform-
ance is presented. The areas of theory treated include (1) space-charge theory
for the case where either electrons or ions are the predominant charge carriers,
(2) Schottky mirror image theory for ion and electron emission, and (3) Fowler
theory applied to a plasma in equilibrium with an emitting surface, treated in
terms of the relation of the plasma potential to surface potentials and in terms
of the character of the sheath. Included are various graphical and tabulated
aids to the analysis of cesium filled thermionic converters. Simplicity of
theory and assumption is emphasized so as to yield convenient analytical tools
for the first order examination and treatment of thermionic converter data.

I. - INTRODUCTION

Stimulated by the need for an energy conversion system that minimizes the
welght per kilowatt, the direct conversion of heat to electricity by thermionics
has been intensively investigated in many research centers for the past several
years. As a part of this effort many excellent detailed analyses and experimen-
tal studies of thermionic processes have been developed. Experience has shown
that knowledge of space-charge, Schottky, Fowler (sheath), and isothermal diode
theories are required for many phases of this thermionic converter research. A
series of lectures Dby the authors covering these analytical areas has been com-
bined and is the framework of this report.

Space-charge theory is reviewed for the case where the charge carrier is
predominantly of one sign. This theory applies directly to the vacuum diode and
often can be extended to the analysis of the performance of the plasma diode.
The Schottky theory of the transmission of electrons in strongly accelerating
fields is reviewed, and simplified relations are developed. A brief review of
the theory of the isothermal diode and guides to its application are presented.
Reference is made to the Fowler space-charge theory in the isothermal diode
analysis. The Fowler theory is used to describe the potential variation of the
plasma sheath between the conductor surface and the isothermal plasma.

The primary intent of this report is to translate these well-known theo-
retical developments into a form amenable to treating experimental data. Review
and, on occasions, modified development of theory have been included so that the
limitations of theory are thus established. It is felt that the analytical ap-
proaches suggested can serve as important aids to the understanding of practical

sMassachusetts Institute of Technology, deceased, 1964.



thermionic converters despite the fact that experimental conditions seldom fit
the specific boundary conditions-.set by theory.

IT. - GENERAL: DESCRIPTION OF SPACE-CHARGE PROBLEM

The equations to be summarized in this section apply to either electron
or lon emission across a diode. The initial formulation relates to the current-
voltage curve that describes the delivery of electrons to a collector in absence
of any ions. The analysis assumes the emitter and collector work functions are
uniform, the surfaces are parallel, infinite planar areas exist, and the temper-
atures are known. The various ranges of interest are shown in the electron po-
tential diagrams (figs. ITI:1(a) to (c)) and the corresponding current-voltage
curve (fig. IT:1(d)). Figure IT:1(b) is a typical potential diagram in the
space-charge range. Figures II:1(a) and (b) represent the potential distribution
at the limits of the space-charge range. The electron potential diagram of
special importance in shown in figure II:1(a) in which the interelectrode poten-
tial merges with collector potential with zero slope. This is a critical condi-
tion of zero field at the collector and serves to separate the "space-charge
range" from the "Boltzmann range" and is identified as the Maxwell-Boltzmann
limit (MBL). The applied potential at this Maxwell-Boltzmann limit is identified
by VypL. The collector work function ¢p is defined as the difference between
the collector Fermi level and surface potential. Thus, the surface potential
oypr, relative to the emitter Fermi level is equal to absolute sum of the applied
potential Vympr, and o@g2. Over the range of voltage more negative tThan this
limiting value VMg, the current observed is a direct measure of the total out-
flow of electrons from the emitter that have a sufficient energy to overcome the
surface barrier at the collector. The straight line portion of the logarithm of
the current plotted against voltage is this Boltzmann range (fig. II:1(d)). The
equation that relates this current to the applied voltage is the following form
of the Richardson-Dushman emission equation:

= alyp - VB)]

- 2 :
Iy = 120x10%T exp[ T

The equation is written in its general form. The sign convention used is as
follows: the work function ¢ 1is always treated as a positive quantity. When
the Fermi level of the collector is negative with respect to the emitter (dis—
placed downwerd in fig. II:1(a)), the applied voltage Vg 1is negative and can-
cels the negative sign in the parenthesis in equation(IT:1). The quantity

(pp - Vp) represents the surface barrier at the collector that suppresses elec-
tron flow from the emitter and is therefore referenced to the emitter Fermi
level, It follows that at a given emitter temperature, ¢o can be determined
directly from the current density _JB and applied voltage VB. The emitter
temperature may also be obtained from the straight line portion of the logarithm
of current of a plot such as figure II:1(d). Noting that T appears in the
exponent in equation (II:1), it then follows directly that emitter temperature
can be established at any arbitrary current ratio

amp/sq m (1I:1)

(Vg3 - Vp,1)11 606 o (11:2)

J
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Figure II:1. - Ranges of interest in space-charge analysis of planar diode.

Various current ratios may be used.

For example, a convenient current ratio of
3,197 results in

= 4
T = (VB,2 - VB’l)lO °K (11:3)

As the applied voltage Vy 1s changed to make the surface potential less
negative, the linear portion of the logarithmic current-voltage curve terminates
(fig. II:1(a)). This is the aforementioned critical condition of the limit of
the Maxwell-Boltzmann range and the onset of the space-charge condition. At
still smaller negative surface potentials, the space-charge minimum moves toward
the emitter. A typical potential distribution in the space-charge range is
shown in figure II:1(b). Here, although the surface potential of the collector
is positive with respect to that of the emitter, the current is determined by
the space-charge barrier, which is more negative than the emitter surface po-
tential. The limit of the space-charge range is also shown in the diagram and
is associated with the zero slope of the potential at the emitter surface
(fig. IT:1(c)). The saturation emission capability of the emitter can only be

3



measured at this condition of zero field at the emitter. The observed current
(at zero field) can be used to determine the work function of the emitter by the
standard form of the Richardson-Dushman equation

Jo = 1. 2x10%m? ex1>(_ qwi) amp/sq m (11:4)

kT

Space-charge theory applies specifically to the range of applied voltage
for which the surface potential of the collector is varied between that of the
Maxwell-Boltzmann limit and that of zero field at the emitter. The theory may
be applied to either ions or electrons if proper recognition of charge, particle
mass, and potential is made. A surface potential at the Maxwell-Boltzmann limit
depends on the spacing, emitter temperature, and to some extent on the emitter
work function. If these quantities are known then the applied potential re-
guired to establish zero field at the emitter may be computed. The last point
is of particular interest since it applies to the evaluation of ion current
production at a heated surface in the presence of an easily ionized gas such
as cesium. The space-charge relations are also obviously of value in determining
the emitter work function from the identification of zero-field emission current.

Diodes of greatest interest to thermionic conversion must necessarily com-
bine the influence of both electrons and ions. The use of the "unicharge",
noncollisional space-charge theory limits the quantitative assessment of the
properties of the emitter and the collector surface to data obtained at extremely
close spacing. As the spacing increases beyond a few microns, plasma conditions
develop and current-voltage characteristics are generated that follow the qual-
itative features assoclated with the basic space-charge theory, but current-
voltage characteristics have to be associated with an "effective spacing"” con-
siderably less than the actual interelectrode spacing.

Data obtained near the Maxwell-Boltzmann 1limit often are less distorted
by plasms effects than data obtained near saturation current condition. Thus,
the space-charge theory reviewed here is being adapted to determine (1) emission
capability of an emitter, (2) information on limiting barriers other than the
surface barrier, and (3) effective spacing, by the method of indexing the
solution of the space-charge problem to the Maxwell-Boltzmann limit. The results
on barriers and spacings apply to both electrons and ions. The evaluation of
the barriers and spacing hopefully should lead to a better understanding of the
properties of the conducting plasma in the interelectrode space of practical
energy converters.

IIT - TANGMUIR SPACE-CHARGE EQUATION

Langmuir (ref. 1) and others (refs. 2 to 4) have presented and evaluated
the basic differential equations relating emitter temperature, charge-to-
particle mass ratio, current flow across a diode to the potential as a function
of distance. The space-charge formulation involves Poisson's equation, the
Maxwell-Boltzmann distribution function, the Boltzmann relation, and conserve-
tion equations. The derivation is given in the aforementioned references so it
will not be repeated here. The generalized solution makes use of the dimension-

less parameters,
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v = % (III:1)

_ KJl/Zx

X = =7 (111:2)
T

K = Ql.:l‘/z(Z:rfm)l/4 oKS/d_-/ampl/Z (ITI:3)

B \Z E(% /zks /4

where K is 6.5x10° for electrons or is 1.442x107 for singly charged cesium
ions. The value of X can be obtained conveniently by a nomographic solution
presented in figure ITI:1.

The basic differential equation (ref. 2, for example) is

2
i;% = - [1 + P(\lrl/z)] eV (III:4)

where P 1is the well-known "probability integral". The plus sign in equation
(III:4) is used in the emitter region (i.e., the region between the space-charge
minimuim and the emitter), and the negative sign applies to the collector region.
The equation can be integrated once to yield a result suitable for numerical
integration. The numerical solutions for both regions are given in table ITT:1
and are essentially equivalent to the values given in references 2, 4, and 5; the
small differences reflect the difference in the numerical computing procedures.

Figure III:2 is a graphical representation of table ITT:1l. The shortcoming
of the solution in the form shown in figure IIT:2 is that the dimensionless pa-
rameters are referenced to the space-charge minimum and are not obviously related
to experimentally observable quantities.

As discussed previously, the Maxwell-Boltzmann limit and the saturation cur-
rent condition correspond to zero field at the collector (space-charge minimum
at collector surface) and zero field (minimum) at emitter, respectively. The two
zero-field conditions at the surfaces immediately relate the potential distribu-
tion in the interelectrode space to the applied voltage and are therefore the
logical starting points for space-charge analysis.

A graphical representation of the space-charge relations is given in fig-
ure IIT:3. The form is similar to figure II:1; however, potential and dis-
tance are represented in dimensionless units. The relation between surface po-
tential, work function, and Fermi level is as before, except the potential dif-
ferences have been divided by kT/q to make them dimensionless. The potential
distribution for zero field at the emitter is completely described by curve C-R
(fig. III:3), which is the generalized solution of the space-charge conditions
in the collector region. The location of the collector surface is established
by the values of J, T, and w (i.e., the dimensionless distance X}.
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Figure IIL:1. - Solutions of dimensionless distance parameter for singly charged cesium ions and electrons in ideal planar high vacuum diode. (Rela-
tions among current density, temperature, spacing, and zero field at coilector surface are established for emitter of unlimited emission capability if
nomographic solution is indexed at A or B (x column} for ions and electrons, respectively.} Use only L or R columns for current density and

spacing.

Conditions other than zero field at the emitter can be represented by the
generalized space-charge curve (fig. III:2) displaced so that the potential
curve corresponding to the emitter region passes through the point corresponding
to the surface potential barrier at the surface of the emitter.

Several qualitative observations can be made with regard to figure III:3.
Perhaps the most significant is the fact that the space-charge minimum must lie
on a single curve (curve E-R) for all possible space-charge conditions. Curve
E-R is the numerical solution of the space-charge relation (eq. III:4) in the
emitter region and thus provides the means of analytically coupling the space-
charge solution to the surface. Visualization of this relation is perhaps best
achieved by using a procedure based on the simple graphical analysis of space-
charge problems.



TABLE TIT:1.

~ NUMERICAL SOLUTION TO LANGMUIR EQUATION FOR SPACE CHARGE

(a) In emitter space (eg. III:3))

Dirmenslonless
potential,
E
20.50C00 E-02
0.59999 E-02
0.70000 E-02
0.79999 E-02
0.89999 £~-02
0.09999 E-C1
0.11C00 E~01
0.12000 E-C1
0.13000 E-01
0.13999 £-01
0.15000 E-01
0.20C€00 E-C1
0.2u4999 E-01
0.30000 E-01
0434999 E-Q1
0.40000 £-01
0.45000 E-01
0.49999 E-01
0.59999 E-C1
0.69999 E-01
0.80C00 E-C1
0.90000 E-01
0.09999 E-00
0.15000 E-C0
0.20€00 E-00
0.25000 E-00
0.30000 E-CO0
0. 34999 E-GO
0.40000 E~-Q0
0.45000 E-CO
0.49999 €-00
0.55000 £ G0
0.59999 E CO
0. 64999 E €0
0.70000 E CO
0.74999 E €0
0.79999 E 00
0.84999 E CO
0.89999 £ CO
0.95000 E 00
0.99999 € GO
0.10500 € C1
0. 10999 £ 01
0. 11499 E C)
0.11999 E Ci
0. 12499 E Q1
0.13000 E 01
0.13u499 E o1
0.13999 & 01
0.14500 £ 01
0.14999 E C1
0.16€00 E 01
0. 16999 E C1
0. 17999 E 01
0.19C00 E 01
0.20000 € 01
0.20999 € C)
0.21999 E 0}
0.23C00 E 01t
0.23999 E C1
0.24999 E 01
0.25999 E CI
0.27000 E G
0.27999 E Q01
0.28999 E 01
0.29999 E 01
0.30999 E C1
0.31999 E 01
0.32999 £ 01
0.3uC00 E Q1
0.34999 E 01
0.35999 E 0}
0.38C0C E QO
0.80C00 t 0)
0.41999 E 01
0.43696 E 01
0.45999 E 01
0.4799§ E 01
0.49996 E C1
0.55C0C E 01
0.59995 E Q1
0.64999 E 01
0.70000 E Q1
0.7499¢ E 01
0.8000C E 01
0.89999 E 01
0.0999% E 02
0.1200C E 02
0. 136999 E 02
0. 16000 E G2
0.18C0C E G2
0.20c0C E 02

Dimensionless
distance,
Xg
0.98671 E-01
0.10794 E-00
C.11645 E-00
0.12435 E-00
0.13176 E-0Q0
0.13875 E-00
C.18538 E-00
0.15171 E-Q0
0.15776 £~00
0.16358 E-00
0.16919 E-00
0.19u63 E-Q0
0.21689 E-00
0.23688 E-Q0
0.25515 e~-00
0.27206 E-0Q0
0.28786 E-00
0.30273 £-00
0.33019 E-00
0.35522 E-~00
0.37832 E-00
0.39985 E~-00
0.42005 E-00
0.50679 E 0O
0.57767 € 00
0.63839 E 00
0.69188 E 00
0.73990 £ 00
0.78356 E 00
0.82366 E 00
0.86078 E 00
0.89535 £ 00
0.92770 E 00
0.95812 E CO
0.98681 t 00
0.10139 £ 0t
0.10397 E 01
0.10642 £ 01
0.10875 E 01
0.11098 E 01
0.11311 E 01
0.11515 E 01
c.11710 £ 01
0.11898 E 01
0.12078 E 01
0.12251% E 01
0.12418 E 01
0.12579 £ 01
0.12734 E 01
0.12884 £ 0
0.13028 E 01
0.13302 E O
0.13559 E 01
0.13799 E 01
0.14024% E Q)
0.14236 E 01
G. U386 £ QY
0.14623 E 01
0.14800 E 01
0.14968 E 01
0.15125 £ 01
0.15274 E 0V
0.15415 E 0}
0.15549 t 01
0.15675 E 01
0.15795 E 01
0.15908 E 01
0.16015 E 01
0.16117 E 01
0.16213 E 01
0.16305 E 01
0.16392 E 01
0.16553 £ 01
0.16698 E 01
0.16828 € 01
0.16946 £ 01
0.17053 E 01
0. 17149 £ 01
0.17236 E 01
0.17419 € 01
0.17560 E 01
0.17671 E 01
0.17757 £ 01
0.17823 £ 0
0.17876 E C1
0.179u48 E O
0.17991 E 01
0.18034 E 01
0.1805¢C E 01
0.18058 E 01
0.18057 £ 0
0.1805¢& € 01

x%,Kesz/TS/e
0.973560 E-02
0.11652 E-01
0.13562 E-01
0. 15464 E-01
0.17361 E-01
0.19251 E-01
0.21136 E-01
0.23016 E-C1
0.24890 E-01
0.26760 E-01
0.28625 E£-01
0.37883 E-01
0.47043 €-01
0.56114 E~01
0.65105 €-Q1
0.74021 E-01
0.82868 E-01
0.91649. E-01
0.10903 E-00
0.12618 £-00
0.14313 £-00
0.15v88 E-00
0.17644 E~-00
0.25684 E-00
0.33370 £-00
0.40754 E-00
0.478T71 E-00
0.54745 E 00
0.61396 E 00
0.67842 E 00
0.74094 E 00
0.80165 E 00
0.86064 E 00
0.91800 £ 00
0.97380 E 00
0.10281 E 01
0.10810 & 01
0.11325 E 01
0.11827 E 01
0.12316 E 01
0.12794 E 01
0.13259 € 01
0.13713 € 01
0.14156¢ E 01
0.14588 E 01
0.15010 E 01
0.15422 E Ol
0.15824 E Ol
0.16216 £ 01
0.16599 E 01
0.16973 E 01}
0.17696 E 0
0.18385 E 01
0.19042 E 01
0.19669 € 01
0.20268 € 01
0.20840 £ 0}V
0.21386 £ 01
0.21906 £ 01
0.22404 E 01
0.22878 E 01
0.23332 E 01
0.23764 E 01
0.24177 € 01
0.24571 E 01
0.24948 E 01
0.25307 £ 01
0.25650 E 0
0.25977 E 01
0.26289 E 01
0.26587 £ 01
0.26871 £ 01
0.27400 E 01
0.27882 E 0
0.2832) € 01
0.2871¢ E 0}
0.29081 £ 01
0.29410 £ 01
0.29709 E 01
0.30342 E 01
0.30838 E 01
0.31227 E 01
0.31531 € 01
0.31769 E 01
0.31955 E 01
0.32213 E 01
0.32370 E 01
0.32523 E 01
0.32580 E 01
0.32601 € 01
0.32608 E 01
0.32611 £ 01

(b) In collector space {eq. (ITI:3))

Dimensionless
potential,
WC

¢ 0.09999 E-01
0.20000 E-01
0.30000 E-01
0.40000 E-01
0.49999 E-01
0.59999 E-01
0.69999 E-01
0.79999 E-01
0.90000 E-01
0.09999 £-00
0.15000 E-00
0.20000 E-00
0.25000 E-00
0.30000 E-GO
0. 34990 E-CQ
0.40000 E-00
0.45000 £-00
0.49999 £~00

0.60000 E 0O
0.70000 E 00
0.80C00 E 00
d0.90000 € CO
0.09999 E 01
0.10999 E 01
0.12000 E 01
0.13999 E 01
0.16000 E O}
0.17999 E Q)
0.20000 E 01
0.21999 € 01
0.23999 E 01
0.26000 E 01
0.27999 E 01
0.30000: E G}
0.31999 E 01
0.34C00 E Q1
0.35999 E G
0.38C00- E 01
0.39999 E 01
Q.45C00 E a1
0.49999 € 01
0.550000 E 01
0.59999° E 01
0464999 E Q1
0.700000 € 01
0.7u999 E 0)
0.80800 E 01
0.89999 E 01
0.09999 E 02
0.11C00 E 02
0.120000 € 02
0.13000 E 02
0.13999 E 02
0. 15000 E 02
0.16000 E 02
0.18C00 E 02
0.20000 E 02
0.25000 E 02
0.30000 E 02
0.34999 E 02
0.40C00 E 02
0.45000 £ Q2
0.50000 E 02
0.5999¢9 € 02
0.70000 E 02
0.80000 € 02
0.90000 E 02
0.09999 E 03
0. 15000 € 03
0.20000 E 03
0.30000 E 03
0.40000 E 03
0.50000 E 03
0.60000 E 03
0.70000 € 03
0.80000 € 03
0.90000 E 03
0.09999 E Ou

2Read as 0.5x10-2.
bRead as 0.105x10%.
®Read as 0.09x10-1.

9Read as 0.09x10l.

Dimensilonless
distance,

XC
0.14406 E-00
0.20527 E-Q0
0.25284 E-0Q0
0.29334 E-00
0.32933 E-00
0.3621%1 E-00
0.392u46 E-00
0.42088 E-00
0.44773 E-00
0.u7325 E~-00
0.58660 E 00
0.68409 £ 00
0.77142 E 00
0.85153 E Q0
0.92616 € Q0
G.996uLL £ 00
0.10631 E 01
0.11268 E 01
v.i2870  E 01
0.13593 E 0
0. 14655 E 01
0.15665 £ 01
0.16632 E C1
0.17563 E 01
0.18463 E 0
0.20180 E 01
0.21808 E 01
0.23363 E 01
0.24856 E 01
0.26295 £ 01
0.27689 E 01
0.29042. E O
0.30359 E 01
0.31643 E 01
0.32898 E 01
0.34126, E 01
0.35329. E 01
0.36510 £ 01
0.37670 E 01
¢.40488 € Q1
0.43203 t 01
0.4582% E 01
0.48378: E 01
0.50859. E 01
0.532791 £ 0
0.556u3. E 01
0.57958! E 01
0.62455" € 01
0.66798! E 01
g.71007! E 01
0.75099! E 01
0.79087: £ 01
0.82982, E 01
0.86790 E 01
0.90515 E 01
0.97683 E 01
0.10378. E 02
0.12052: E 02
0.13630. E 02
0.15134, E 02
0.16578' E 02
0.17971 E 02
0.193221 E 02
0.21915 E 02
0.2u390. E 02
0.26769 E 02
0.29068¢ E 02
0.312981 £ 02
0.L41674 E 02
0.511u5 E 02
0.68397, € 02
0.84171 E 02
0.98937i E 02
0.11295 E 03
0.126361 e 03
0.13929 E 03
0.1518h E 03
0.16398 E 03

xg,szxz/Ts/e
0.20756 E-01
0.42138  E-01
0.63929  E-01
0.86052  E-01

0.10846 E-00
0.13112 E-00
0.15402 E-00
0. 17714 E-00
0.20046 E-00
0.22397 E-00
0.34410 E-00
0.46798 €-00

0.59509 £ 00
0.72511 € 00
0.85777 £ 00
0.99289 E Q0
0.11303 E 0}
0.12699 E 01
0.1555% E .01
0.18479 E 0}
0.21477 E 01
0.24540 E 01
0.27665 E Q1
0.30849 E 0}
0.34088 E 01
0.40726 E 01
0.47562 E 01
0.54584 E 0)
0.61782 £ 0)
0.69146 E 01
0.76669 € 01
0.8u345 £ 01
0.92167 E 01
0.10012 € 02
0.10822 E 02
O.11646 E 02
0.12481 € 02
0.13330 E 02
0.14190 € 02
0.16393 £ 02
0.18665 E 02
0.21003 £ 02
0.23u404 € 02
0.25866 E 02
0.28386 E 02
0.30962 E 02
0.33592 E 02
0.39007 E 02
0.44620 E 02
0.50420 E 02
0.5639¢9 E 02
0.62548 E 02
0.68860 E 02
0.75326 E 02
0.81930 £ 02
0.95420 E 02
0.10772 E 03
0.14526 E 03
0.18580 £ 03
0.22906 E 03
Q.27u8u £ 03
0.32298 E 03
0.37334 E 03
0.48027 E 03
0.59u88 £ 03
0.71661 E 03
0.84498 £ 03
0.97961 E 03
0.17367 E OB
0.26158 € Ob
0.46781 £ Oy
0.708u48 E Ou
0.97886 £ 0L
0.12757 € 05
0.15968 E 05
0. 19403 E 05
0.23048 £ 05
0.26889 E 05
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2 Corresponds to
/" curve E-R (figs.
III:3 and IV:1)

12
Corresponds to curve C-R (figs. III:3and V:1)~_
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| Emitter e Collector

region region

Dimensionless potential, v
(o]

0 | | o I l ] | f |
2 1 0 1 2 3 4 5 6 7 8 9
Dimensionless distance, x

Figure II1:2. - Space-charge potential distribution.

A "template" can be made to represent the generalized space-charge solution
corresponding to the form given in figure III:2. Starting with zero field at
the emitter the space-charge minimum of the template must coincide with the
potential at the surface barrier, for example, point 1 in figure III:3. The
potential distribution in the interelectrode space can then be drawn and must
lie on curve C-R. By noting that the generalized space-charge curve must always
cross the surface at point 1, the "space-charge template" then may be shifted
to correspond to ever increasing space-charge barriers.. (Coordinates must of
course be maintained parallel). The magnitude and location of the barrier are
described by the position of the minimum. (The reader should note that dimen-
sionless distance X conbtains J172, which decreases as the space-charge bar-
rier becomes larger, therefore distorting the real distance feature of the
potential curve.) Examples of the location of the minimum and corresponding
potential distributions have been constructed by this procedure and are illus-
trated in figure III:3 (pt. 2' curve IT, pt. 3' curve III, etc.). In the pro-
cess of shifting the space-charge template from the zero-field condition to
curve XIII (for example ), the space-charge minimum will trace out curve E-R,
which as indicated before is the emitter region branch of the generalized space-
charge curve. From the nature of the emitter region space-charge solution, the
location of the space-charge minimum cannot exceed a value of X = 1.806: Thus
not only is the location of the minimum completely described but also the limits
of % =0 and 1.806. Curve E-R also represents all possible locations of the

8
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Figure I11:3, - Generalized space-charge potential distributions.
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collector surface in terms of dimensionless distance at the Maxwell-Boltzmann
1imit, since by definition zero field at the collector must exist at this limit-

ing condition.

If distance, saturation current, and temperature are held constant
(XC,O = constant) while applied voltage is varied, then it is possible to
uniquely establish the current at the Maxwell-Boltzmann limit and thus XE,MBL-
The related quantities Vg mpr, and difference in surface potential between
saturation current and the current at the MBL condition.(Wc,o + WE,MBL) follow
directly. The general procedure employed is perhaps best illustrated by example.
Let the saturation current, distance, and temperature correspond to a value of
Xo.o represented by point 3 on curve C-R figure IIT:3. At the Maxwell-
Boltzmann condition (i.e., zero-field condition at the collector) the current will
be inhibited by the space-charge barrier, which is identifiable since the barrier
is at the collector surface. The barrier height is Vg ,vBL, and the reduction
in current is determined from the Boltzmann relation

JMEL

0]

= exp(- V& ,MBL) (111:5)

Numerical or graphical iteration quickly determines the value of (point 3'
must lie on the X curve) that satisfies equation (III:5) and the Xg,Vg
space-charge relation. Polnt 3' is thus uniquely established. In a similar
sense point 2 corresponds to point 2' or for larger values of Xg,0 point 4
corresponds to point 4%, 5 to 5', and so forth.

Further detailed developments of the relation between the two zero-field
conditions and the parametric relations involving current, distance, temperature,
and mass to charge ratio are given in section IV.

It again should be noted that the key to the numerical solution of the
space-charge problem is based on the two zero-field conditions, when the space-
charge barrier exists at the emitter and at the collector. Also it is interest-
ing to note that as Vg mpy, @pproaches infinity, Xg mpr, Possesses a limiting
value of 1.806. For all practical purposes when Vg ,MBL, 1is greater than 10,
Xg,MBL, has approached the limiting value. Use will be made of this fact in
section VII in the development of a universal unlimited current-voltage curve.

IV - ANALYTICAL, DEVELOPMENT OF SPACE-CHARGE RELATIONS

Assume that in a hypothetical case, the emitter temperature, spacing, and
current at the Maxwell-Boltzmann limit are known and the objective is to deter-
mine the saturation current. The dimensionless distance XE,MBL is now defined
since

(Tv:1)

X KJ&éEW
T ,MBL =
374
T

The dimensionless potential Vg mpy, is also established from the generalized

10
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I distance) in space-charge region,
“’E, MBL ‘I’E, M that is, from zero field at collec-

tor point 3', to zero field at 4
emitter point 3

Al guantities
are positive up-
wards and are
referenced to
space-charge
minimum

Dimensionless distance, X = K.Ill‘?x/T3/4

Figure IV:1. - Typical transition potential diagrams in space-charge region.

space-charge relation (table III:l(a) for example). As the applied voltage is
made more positive (for electrons), the potential distribution varies as shown
in figure IV:1l. The collector location in units of X shifts to the right
because of the increase in current. The space-charge barrier shifts from the
collector surface (curve A) into the interelectrode space (curves B, C, D, and
E) and finally intercepts the emitter surface (curve F). The structure of
figure IV:1 is identical to that of figure III:3 (p. 10) except for the in-
creased detail for the transition conditions between points 3! and 3.

As indicated in section IIT, current will increase up to Jg between the
Maxwell-Boltzmann limit and the saturation condition according to the following
relations:

Jo = Jumr, o*2(¥g vpr) = Juer/(XueL) (1v:2)

where Jg 1is now the saturation current since zero field exists at the emitter.
The numerical evaluation of the ratio of JO/UMBL for various values of

Xg,MBL, 1s given in figure IV:2. The combination of figure IV:2 and the nomo-
graph in figure III:1 (p. 7) conveniently relates saturation current to JMBL, »

11
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Figure IV:2. - Relation between dimensionless distance evaluated at condition of zero field at colfector and ratio of current densities JO/JMBL-

is subsequently established

is determined from the nomograph

MBL
, and Jp

2

XE
1) for either ions or electrons

and emitter temperature.
2.

.

H

5
H

~H )

80 H -

=} L]

D W g

W s~ iy

Additional useful relations can also be determined from an extension of the

Since the saturation current is known, the dimen-

sionless distance in the collector region is

approach used previously.

3)

(1v

VE ,MBL
Xg ,MBL ©XP ( ;

*a,0

The dimensionless potential

)

Ve 0 is established from Xz (the subscript O again refers to zero field

2

therefore the variation in surface potential in

the emitter surface), and

b4

(A1l terms in X are constant except current.

at
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TABLE IV:1. - TABULATIONS OF VARIATION IN APPLIED VOLTAGE (Dik:ERENCE IN

SURFACE POTENTIAL) THAT EXISTS BETWEEN MAXWELL-BOLTZMANN LIMIT AND

SATURATED CURRENT CONDITION FOR TDEAL PLANAR HIGH VACUUM DIODE

[Temperature, distance,

conatant.]

and saturation current capability are assumed

(a) Tabulation for even values of surface potential

Surface
potential
difference,

-
$E,MBL Yo, 0

0.09999
0.20000
20.30000
0.40000
0.49999
0.59999
0.69999
0.79999
0.90C00
0.0999¢9
0.15000
0.20000
0.25000
0.30000
0.34999
0.40000 £-00
0.45000" €-00
0.49999 E-00
0.60000 £ 00

i

(oY R-F.¥-Y-N-¥-)
—_——m e mo o4

[}
[~Y=F=-F=N-¥-1
[SASR-R-F-¥-)

mmmMmmMmmMmMmmmMmmmMmmm

0.70000 E 00
0.80000 E Q0
0.90C00 E 00
0.09999 E 01
0.10999 E Q1
0.12000 E Q1
0.13999 E 01
0.16000 £ 01
0.17999 £ 01
0.20€00 € Ct
0.21999 £ 01
0.23999 £ 01
0.26C00 E Q1
0.27999 E €1
0.30000 E Q1
0.31999 E 01
0.34C00 E 01
0.35999 E 01
0.38C00 E 01
0.39999 E 01
0.u45C00 E Q1
0.49999 E 01
0.55C00 £ Q)
0.59999 € 01
0.6L999 [
0.70000 E 01
Q.74999 € Q1
¢.80000 E 01
0.89999 E C1
0.09999 E 02
0.11€00 E 02
0.12000 £ 02
0.13600 E 02
0.13999 £ 02
0.15000 E 02
0.16000 E G2
0.18C00 E 02
0.20000 £ 02
0.25C00 € 02
0.30000 E 02
0.34999 E 02
0.40000 E 02
0.45000 E 02
0.50000 E G2
0.59999 E 02
0.70C00 E 02
0.80000 E 02
0.90C00 E 02
0.09999 € 03
0.15000 E C3
0.20000 E 03
0.30000 £ 63
0.40000 E 03
0.50600 E 03
0.60000 € 03
0.70000 E 03
0.80000 E 03
0.90C00 E 03
0.09999 £ Ou

®Read as O.leo'l.
b
Read as 0.15x10%.

Dimensionless distance
corraesponding to -

Zero field at Zero field at
emitter, collector,
Xe,0 XE, MEL

0.10007 E~00 0.99822: E-01
014165 E~-00 0.14092 E~00
0.17365 £-00 0.17231 £-00
0.,20071 £-00 0.19862 E~00,
0.22461 E-00 0.22170 E~00
0.24630 €-00 0.24245. £~-00
0.26630 E-00 G.26 0144 E~00
0.28497 E-Q0 0.27903 E~00
0.30257 E~-Q0 0.29547  E-00
0.31927 £=00 0.31094 E-Q0
0.39315 e-00 0.37778 t~0Q
0.45652 E-00 0.43281 E~00
0.51329 E 00 0.48017 E-00
0.56548 E 00 0.52200 £ 00
0.61429 E 00 0.55961 £ 00
0.66051 E 00 0.59388 E 00
0.70457 E 00 0.62531 E 00
0.7L695 E 00 0.65u43 E 00
0.82767 E 00 0.70698 g 00
0.90u420 E 00 0.75337 £ 00
0.97751 E Q0 0.79485 E 00
0.10u482 E 01 0.83232 £ 00
0.11169 E 0} 0.86642 E 00
0.11838 =0l 0.89767 e 00
0.12493 £ 01 0.92645 € 00
0.13766 E 01 0.97784 r 00
0.14999 E 01 0.10225 E 01l
0.16201 E 01 0.10618 e Q)
0.37375 E 01 0.10967 [
0.18527 E 01 0.11279 E 01
0.19659 E 01 0.11561 E 01
0.20772 E 01 0.11816 [N
0.21869 E 01 0.12049 E 01
0.22951 £ 0) 0.12263 £ 0
G.24019 E 01 0.12459 € 01
0.25074 E 01 0.12640 E 01
0.26117 E 01 0.12809 E 01
0.27148 E 0 0.12965 C 01
0.28167 E Q) 0.13110 E 01
0.30673 E 01 0.13435 E O
0.33120 E 0} 0.13713 £ 01
0.35515 E 01 0.13954 E 01
0.37862 £ 01 0. 14166 £ 01
0.40164 E 01 0.14353 £ 01
Q.u2426 E 01 0.14520 E 01
0.44650 € G 0.14671 € ol
0.u6840 E 01 0.1u806 E O1
0.51118 E 01 0.150u2 £ 01
0.55282 E 01 0.15241 t 01
0.593u41 E 0t 0.15411 £ 01
0.63305 E 01 0.15558 g 01
0.67184 E 01 0.15687 € 01
0.7098% E 01 0.15800 £ 01l
0.7u713 € 01 0.15902 E 01
0.78377 E 01 0.15993 E 0}
0.85529 € 01 0.16150 e 01
0.92470 E O 0.16281 E 01
0. 10904 E 02 0.16532 E Ot
0.12472 E 02 0.16711 E Ot
0.13970 E 02 0.16847 E 01
0.1541 £ 02 0.16954 E 01
0.16802 E 02 0.17041 € 01
0.18149 t 02 0.17113 £ 0}
0.207u3 E 02 0.17226 E 01
0.23145 E 02 0.17309 E 01
0.25549 E Q2 0.17377 E 01
0.27872 E 02 0.17832 E 01
0.30041 E 02 0.17476 E 0)
0.40u06 E 02 0.17622 E 01
0.49864 E 02 0.17703 E O}
0.67092 € 02 0.17793 £ GV
0.82721 £ 02 0.17843 E 01
0.97836 E 02 0.17876 £ 01
0.10991 E 03 0.17895 € 01l
0.12262 E 03 0.17912 E 01
0.13583 & 03 0.17926 £ 0l
0. 1u942 € 03 0.17938 £ 01
0.16321 E Q03 0.17948 E 01

Current ratio,

Jo/ TuEL,
0.10051 € Ol
0.10103 E 0Ol
0.10156 € 0Ol
c.10210 E Ol
0.10265 E 01
6.10319 E Ol
0.10375 £ 01
0.10430 E ol
0.10486 ‘£ 0}
0.10543 ‘E Ol
0.10830 E 01
0.11125 E ol
0.11427 E 01
0.11735 £ ot
0.12049 E 01
0.12369 E Ol
0.12695 E 01
0.13027 E 01
0413705 E 01
0.14405 E 01
0.15124 E 01
0.15862 E OL
0.16618 E 01
0.17392 E 01
0.18184 E 01
0.19819 E ol
0.21519 E 01
0.23281 E Ol
0.25102 E 0l
0.26981 E 0Ol
0.28915 E o1
0.30901 E 01
0.32940 E 01
0.35028 E 01
0.37L64 E 01
0439346 E 01
0.41574¢ E oL
0.43845 E 01
0.46158 E 01
0.52123 E 01
0.58333 E ol
0.64774 E 01
0.71433  E ol
0.78300 E 01
0.85367 E 01
0.92625% E ot
0. 10007 £ 02
0.11547 E 02
0.13155% E 02
0.14826 £ 02
0.16555 E 02
0.18342 £ 02
0.20182 E 02
0.22073 E 02
0.24016 E G2
0.28044 E 02
0.32254 E 02
0.43502 € 02
0.55701 E 02
0.68757 E 02
0.82621 E 02
0.97216 E 02
0.11247 E 03
0.14499 E 03
0.17878 E 03
0.21616 E 03
0.25563 E 03
0.29548 E 03
0.52572 £ 03
0.79335 E 03
0.14217 E 04
0.21493 E 04
0.29954 E 0%
0.37726 E 04
0.46863 E 04
0.57416 E 04
0.69381 E 04
0.82691 E 04
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TABLE IV:1. - Continuei. TABULATIONS OF VARIATION IN APPLIED VOLTAGE
(DIFFEReY CE IN SURFACE POTENTIAL) THAT EXISTS BETWEEN MAMWELL-
BOLTZMANN LIMIT AND SATURATED CURRENT CONDITION FOF
IDEAL PLANAR HIGH VACUUM DIODE

[Temperature¢, distance, and saturation current capablility are assumed
constant.

{b) Tabulatior for even values of X (dimensiorless distarce
E, MBL

at zero field at collector)

Surface Dimensiorless distance Current ratio,
potential corregponding to - 'JO/JMBL
difference, T ome £1e1d at "
I ¥ erc rield a Zero field af
E,MEL " 7C,0 emitter, collector,
Xg,0 Xg, MBL
20,1003« E-Cl 6.10025  E-00 0.09999  E-oC 0-10051 E ot
£.12156 E-O1 0.11034  E-CO 0.11600 E-OC 0.10062 E O1
0.1447F  E-Cl 0.12044  E-00 0.12000 E-0OC 0.10074 E 01
0.16998  E-Gl 0.13057  E-CO ©.13000 E-GO 0.10081 E 01
0.18335  E-Cl 0.13563  E-CO 0.13500 E-00 0.10095 E 01
0.19733  E-Cl 0.14071  E-00 0.13999  E-0G 0-10102 E o1
0.21178  E-Cl 0.14579  E-00 0.14500  E-CO 0.1011¢ E o1
0.22671  &-C1 0.15088 E-CO 0.15000 E-0C 0.10117 E o1
0.25827  E-Cl 0.16107  E~00 0.16000 E-00 0.10134 E OL
0.27482 E-LL 0.16617 E-CO 0.16500 E-00 0.10143 E 01
C.29191 €-C1 0.17129  €-CO 0.16999 E-00 0.10152 £ 01
0.30956  €~Cl 0.17641  E-00 0.17500 E-00 0.10162 E 01
0.32772  E-01 0.18153  E-CO 0.18000 £-00 0.10171 € o1
G.34£40  E-L1 0.18667  E-00 0.18499  E-0C 0.10181 E o1
0.36558 E-C1 0.19181 E-00 0.19000 E-0C 0.10192 E 01
0.38529  E-G1 0.19696  E-00 0.19439  E-GC 0.10202 E 01
0.40551  E—CL 0.20212  €-C0 0.20600  E-00 0-10213 € o1
6.44777  E-ul 0.21246  E-00 0.20999  E-CO 0.10236 £ o1
0.53879  E-CL 0.23326  E-00 0.23000  E-CO 0.10286 £ 01
0.63871  E-CI 0.25422  E-CO 0.25000 E-00 0.10341 E 01
0.74770  E=Cl 0.27536  E-00 0.27000  E-LO 0.1040L € OL
0.86566  E-Cl 0.29670  E-00 0.29000 E-00 0.10467 E 0L
0.92848  E-Cl 0.30744  E-00 0.30000  E-00 0210502 E oL
0.11311  E~CO €.34003  £€-00 0.33000  E~00 0.10617 E O1
0.12783  E-CO 0.36207  E-00 0.34999  E-00 0.10701 E oL
0.14358  E-CO .38438  E~00 0.37000  E-00 0-10792  E o1
C.16113 E-CO 0.407t4 E-00 0.38%99 E-00 0.10898 E O1
0.16915  E-GG 0.41842  E-00 0.40000  E-GC 0.10942 E 0L
0.18760  E-CG 0.44152  E-CO 0.41993  E-00 0.11051 E 01
0.22776  E-CO 0.48879  E-00 0.45999  E-0u 0.11291 € 01
C.24972  E-CC 0.51305 E CO 0.48000 E-00 0.11424 E ol
0.27297 E-CO £.53776 & GO 0.50000 E 0OC 0.11424 E 01
€.33673  E-LO 0.60162 E 00 0.55C00 E 60 0.11567 E ol
0.40937 E-CO 0.66894 E 00 0.59999 E o0 0a11965 E Ol
0.45770 E-CO 0.71126 E 00 0.63000 E 00 0.12430 E 01
C.56611 E CO 0.80092 E o0 0.69000 £ 00 0.12746 E 01
0.58576 E ¢cO 0.81656 E €O 0.70000 E 00 0.13473 E 01
0.64802 E co 0.86495 & Co C.73000 E 00 0.13607 E 01
0.76290 E CO .95067 E 00 0.77999 € 00 0.14039 € oL
0.81304 E co 0.98692 E 00 0.80CC0 £ U 0.14855 E 01
0.86598 € CO 0.10244 E Ol 0.81999 E 00 0.15218 € 01
0.58C45 E CO 0.11036 E Ol 0.86C00 E 00 0.15608 E O
0.10425 E C1 0.11455 E Ol 0.88000 E CO0 0.16469 € 01
o.11€77  E €1 0.11889 € OL ©.90L00  E 00 0.16946 E O1
0.11768 E Gl 0.12343  E O 0.91999 E 00 0.17452  E 01
0.12879 E Ct 0.13058 E 01 0.9500 E 00 0.17999 £ OL
0.13271 E Cl €.13307 £ C1 0.95999 E GO 0.18895 E 01
0.14€90 E Cl 0.13822 E ol 0.98G00  E 00 0.19216 E 01
0.14956 E Cl € Cl 0.09999 E 01 0.19895 £ 01
0.15411  E 01 £ 01 0.10100 E Ol 0.20623 E Ol
0.16361 E Gl € a1 0.10299 E Ol 0.21012 £ Ol
0.17371  E C1 € 01 0.10500 E 01 0.21832 € OL
€.17500 E 01 € oL 0.10579  E 0Ol v.22720 £ 01
0.19ciz  E Gl E 0l 0.10600 E OL 0.23192 € 0L
0.20196 £ C1 E 01 G.10999  E Ul 0.25195 € 0L
0.20822 E Ct £ o1 0.1199  E 0L 0.25283 E 01
0.22135 E cl € o1 0.11300 E 01 0.25867 £ OL
0.23543 E Cl E Cl 0-11499 € 61 0.27110  E 01
0.25057  E C1 £ cl 0.11699  E Ul 0.28469  E 0L
0.26688 € Cl £ 01 ©.11900 £ 01 0.29959  E 01
0.27549 E Cl € 01 0.12600 E 01 0.31598  E OL
€.29383 E Cl € 01 ©0.12199 E o0l 0.32475 € 01
€.31368  E Gl [ 0.12400 E 01 0.34379 £ 01
£ 01 € Cl 0.124%9 & 01 0-36485 £ 01
€ (L E 01 012700 E Gl g-i;gg;’ 2 gi
€ c1 E 01 0.12799 € 01 -
£ clL £ ol 0.13000 E 01 0.4l442 £ 01
€ CL Eal 0.13299  E ol £ ol
€ c1 € oL 0.13500 € o1 £l
E CL & G1 0.13679 E C1 E 01
£ 01 £ Cl1 0-13999 E o1 £ o1
£ Cl E Cl 0.14200 £ 01 E 01
£ Cl & 01 0.14399 £ 01 E o1
E Gl € o0l 0.14500 € 01 Y
0.72566 £ Cl E o1 0.146C0  E OL o
0.79742 £ Cl E 01 0.14797 € Gl £ o
0.86C4l € Ol € ol 0.15000 E 01 E oz
0.92723  E Cl € 0l 0.15099  E o1 t oz
0.97788 E Gl [N 0.15200 E OI I
0.10329 C Cc2 E 01 0.15300 E 01 € 02
0.10931 E G2 £ 01 ©.15399 E 0L ¢ os
c.11589 E C2 E o1 0.15499 E 01 e ot e
0.12312 E €2 € ol 0.15600 E 01 Sel5ios f o5
0.13110 € 02 € 01 0.15700 E 01 oleses E oz
©.13594 E C2 E 01 0.15799 E 01 0'20112 E 02
0.14978 & 02 0.74632 E 01 0.15899 E Ol oo € oz
0.16072 E €2 0.78643 E O1 0.16000 E OL o oiles € o2
0.17313  E L2 0.83100 E 01 0.16100 E 01 Oletal E o2
0.18711 E 02 0.88023 E Gl 0.16199 E Cl o55533 £ o2
0.20303 E G2 0.93508 £ ol 0.16300 € 01 033908 & 02
C.22128 E C2 0.99655 E 01 0.16400 E 01 0.3692’0 € 02
C.24238 E G2 0.10658 E 02 0.16499 E 01 0:Q1731 E 02
€.26702 € €2 G.11448 E 02 0-16599 E 01 0.47563 E 02
0.29616 E C2 0.12356 € 02 0.16700 E 01 0.54745 £ 02
G. 33086 € 02 0.134GC6 E 02 (16800 E o 0.63681 € 02
C.37300 E C2 0.14641 E 02 0-16499 E 01 0.75058 E 02
0.42452 € €2 0.16100 € 02 0.1699% E Ol 0.8969% E 02
0.48966 € C2 0.17877 E 02 0.17100 E Ol 0-10936 E 03
C.57308 E G2 0.20061 E G2 6.17206 € 0l 0.13604 E 03
C.68179 € €2 0.22780 E 02 0.17299 € O1 017340 £ 03
0.83487 E C2 0.26418 £ 02 0.17339 E 01 0.23051 £ 03
0.10512 € €3 0.31263 E 02 0.17500 € Gl 0.31916 € 03
£.13865 € C3 0.38273 E €2 0.17539 € 01 0.47288 E 03
C.19547 E G3 0.49194 E C2 0.1769) € 01 0.77249 E 03
0.30768 E 03 c.68566 E 02 0.17800 E 01 0.14838 E 04
0.60563 € 03 0.11269 E u3 0.17%00 t 01 0.39636 E 04
0.19450 € G4 0.26639 E C3 0.1799%  E 01 0.21903 E 05
0.28478 £ 05 0.19599 E 04 0.18049 E O1 vol1791  E o7

®hend as 0.10034x1071.
Phead as 0.19547x103.




TABLE IV:1. - Concluded. TABTLATIONS OF VARTATION IN APPLIED VOLTAGE
(LL: FERENCE IN 3URFACE FOTENTTIAL) THAT EXISTS KETWEEN MAXWELI—
BOLTZMANN LIMIT AND SATURATED CURRENT CONDITION FOR
IDEAL PLANAR HIGH VACUUM DIODE

[Temperature, distance, and saturation current ~apabllity are assumed
corstant. ]

{c) Tabulatlon for even values of Xe, 0 (A1-erslonless distance
3

at zero fleld at emitter)

Surface Dirensionless distance Current ratio,
potential curresponding to - Jo/:rMEL
difference, —
X + X, Zero field at Zero fileld at
E, MEL ¢,0 emitter, collector,
Xc,0 Xe, MEL,

40.22407  E-01 0.15000  E-00 0.14909  E-00 0.10121  E 01
0.39711  E-01 0.20000  E-00 0.19790  E-00 0.10212  E 01
0.61790  E—Cl 0.25000  £-00 0.24597  E-00 0.10330 E 01
0.88477  E-C1 0.30000 E-00 0.29300 E-00 0.10482 E 01
0.10044  E-LO 0.31999  E-00 0.31160  E-00 0.10545 E 01
0.11308  E-CO 0.34000 E-00 0.32395 E-00 0.10617 E 01
0.11966  E-CO 0.34999  E-00 0.33906 E-00 0.10655 E 01
0.12641  E-00 0.36000  E-00 0.34312 E-00 0.10694 E OL
0.14C42  E-00 0.38000  E—00 0.36608 E-00 0.10774 E 01
0.15558  E-00 0.40000  E-00 0.38491  E-00 0.10799 € 01
0.17039  E-00 0.41999  £-00 0.40133  E~00 0.10951 € 01
0.18636  E-00 0.44000  €-00 0.41867 E-0Q 0.11044 E 01
0.19456  E-00 0.45000  E-00 0.42724 E-00 0.11093 E OF
€.20292  E-CO 0.45999  €-00 0.43574  E-00 0.11144 E 01
€.22008  E-0O 0.48000 E-00 0.45256  E-00 0.11249 E 01
€.23783  E-CO 0.50000 E 00 0.46916  E-00 0.11357 E Ol
C.28480  E-00 0.55000 E 00 0.50977 E €O 0.11640 E 01
0.33509  E-CO 0.59999 E 00 0.54881 E 00 0.11952 E 01
0.38840  E—CO 0.65000 E 00 0.58620 E 00 0.12294 € 01
0.44467  E€-CO 0.70000 E 00 0.62208  E 00 0.12661 E 01
0.50363 E 00 0.75000 E 00 0.65650 £ 00 0.13051 E Ol
0.56496 € 00 0.80000 t 00 0.68935 E 00 0.13467 E OL
0.62860 E 00 0.84999 E 00 0.72081 E 00 0.13905 E 01
C.69434 E GO 0.90000 £ 00 0.75u90  E w0 0.14365 E 01
0.76198 E €O 0.95000 E 00 0.77960 E 00 0.14849 E Ol
0.683138 € 00 0.09999 E Ol 0.807/00 E 00 0.15354 E 01
0.97508 E 0O 0.10999 € Q1 0.85821 E 00 0.16428 E 01
0.11244  E 0L 0.120000 € 01 0.90490 E 00 0.17585 E 01
0.12787 E 01 0.130600 E 01 0.94760 E 00 0.18820 E 01
0.14376 E 01 0.13999° & 01 0.98667 E 00 0.20133 € 01
0.16C00 E 01 0.150000 & Q1 0.10225 E 01 0.21519 & 01
C.17661 E 01 0.16000 £ 01 0.10554 € 01 0.22979 E Ot
©.19354 E Cl 0.16993 £ 01 0.10858 E O1 0.24509 E 01
0.21€77 £ 01 0.17999 € 0Ol 0.11139 € 01 0.26109 E 01
0.22829 E ul 0.19000: € 01 0.113¥9 € Q1 0.27778  E 01
6.246C6 E 01 0.20000 € 01 0.11641  E 01 0.29515  E 01
C.26410 E 01 0.20999 E 0Ol 0.11866 E 01 0.31318 E 01
0.28237 £ o1 0.21999 E OL 0.12076 E 01 0.33188 € 01
0.30687 £ 01 0.230000 E O1 0.12272 € Gl 0.35124 E 01
€.31960 E Gl ©.23999 E O1 0.12455 E 01 0.37125 E 01
0.33855 E 01 0.24999° € O1 0.12628 € 01 0.39191 £ 01
0.35771  E 01 0.260000 E Ol 0.12790  E Ot 0.41321 E 01
0.37707 E C1 0.27000: E Ol 0.12942 E 01 0.43517 E O}
€.39665 E ol 0.27999° E Ot 0.13087 E 01 0.45774 E Ol
C.41642 E 01 0.28999° E 01 0.13223 E 01 0.48097 E 01
0.43639 E 01 0.300000 E 01 0.13352 E ¢l 0.50482 E 01
0.45656 £ Cl 0.30999 E O1 0.13476 E 01 0.52932 E 01
0.47691 E 01 £.31999° E 01 0.13590 E a1l 0.55444 € 01
0.49745 E 01 0.32999 € oL 0.13700 E Ol 0.58019 € 01
0.51818 E gl 0.34000¢ E 01 0.13805 E Q1 0.60657 E O1
0.53908 E C1 0.34999° E 0Ol 0.13904 E Ol 0.63360 E 0L
0.56€19 E 01 0.35999° E 0Ol 0.14c00  E Ol 0.66121 E 01
C.58146 E Cl 0.37000¢ E Ol 0.14091 £ 0L 0.68947 € O1
0.60291 E 01 0.380000 E Ol 0.14177 E 01 0.71835 £ o1
0.62454 £ Gl 0.38999 E 01 0.14261 E Ol 0.74785 E 01
0.64634 € 01 0.400000 E 01 0.16340 € O1 0.77798 € 01
0.71277 E ol 0.42999° € Ol 0.14560 E Ol 0.87210 € 01
0.75790  E 01 0.45000¢ E Gl 0.14691 E Ol 0.93794 E 01
0.82682 E 0l 0.47999  E 0L 0.14874 € 01 G.10413 E 02
0.87356 E Cl 0.49999 E 01 0.14984 € 01 0.11136  E 02
0.94485 E Q1 0.52999 £ 01 0.15136 E QL 0.12260 E 02
0.99314 € Ol 0.550C0 E 01 0.15228 E Ol 0.13043 E 02
C.10667 E (2 0.57999  E 01 0.15357 € 0Ot 0.14262 E 02
0.11164 E 02 0.59999 E 01 0.15437 € Ol 0.15106 £ 02
0.11668  E C2 0.61999 E Ot 0.15511  E Ol 0.15975 € 02
0.13213  E 02 0.67999 E 01 0.15712 & 01 0.18729 £ 02
C.13738 E 02 0.70000° E 01 c.15772 € 01 0.19697 € 02
0.15077 £ 02 0.74399 E Ol 0.15909 E Ol 0.22222 € 02
0.16447 € 02 0.800000 € Ol 0.16031 E O1 0.24902 E 02
0.17284 € 02 0.82999° E 01 0.16037 E 01 0.26583 E 02
0.17849 € G2 0.84999° E Ol 0.16139  E 01 0.27735 E 02
G.18418 £ 02 0.86999 E 01 0.161806 E 01 0.28911 £ 02
0.1928) E 02 0.89999 E Ol 0.16237 £ 0L 0.30722 E 02
0.20742 £ G2 0.950000 E Ol 0.16325 E Gl 0.33862 E 02
0.22232 E 02 0.09999° E 02 0.16405 £ 01 0.37156 E 02
6.25295 € 02 0.11000° E 02 0.16544 £ 01 0.44204 E 02
0.28462 & C2 0.120000 E Q2 0.16662 E Ol 0.51867 £ 02
0.31730 € 02 0.130000 E 02 0.16762 € Gl 0.60143 £ 02
0.35C94 & G2 0.13999 £ 02 0.16850 € Ol 0.69032 € 02
0.38548 E C2 0.15000 E @2 0.16926 E OL 0.78535 E 02
0.42C90 E €2 0.16000 € 02 0.16993 E 01 0.88652 £ 02
0.45716 E 02 0.16999 E 02 0.17652 € Ol 6.99381 E 02
0.49423 € C2 0.18000 E 02 0.17105 E O} 0.11072 £ 03
0.53208 E 02 0.19000 E 02 0.17153 € Ot 0.12268 E 03
0.57C68 E 02 0.20000 E G2 0.17196 E 0L 0.13525 E 03
C.61C01  E 02 0.20999 E 02 0.17236 E 01 0.14843 £ 03
0.65C02 € 02 0.22000 E 02 0.17271  E 01 0.16225 E 03
0.73212 € €2 0.23999 £ 02 0.17334 E 01 0.1916% E 03
0.81684 E €2 0.26000 E 02 0.17388 E O1 0.22357 E 03
0.90400 E 02 0.27999 E 02 0.17434 E 01 0.25791 € 03
0.99348 € C2 0.30000 E 07 0.17474 € 01 0.29472 € 03
€.14727 € 63 0.40000 E 02 0.17617 E 01 0.5155L  E 03
0.19985 E ©3 0.50000 E 02 0.17703 E 01 0.79762 € 03
0.28603 € 03 0.65000 E 02 0.17784 € O1 0.13357 € 0%
G.37974 € 03 0.80000 E 02 0.17635 £ 01 0.20119 £ 04
-0.47598 € G3 0.95000 E 02 0.17870 E 01 0.28260 E 04
0.51471  E 03 0.09999 € 03 0.17879 E Gl 0.31281 E 04
0.62253  E 03 0.11499 € 03 0.17901 E O1 0.41269 £ 04
0.73546 E 03 0.13000 E 03 0.17919 E 01 0.52632 E 04
0.85308 € 63 0.14500 E 03 0.17934 E O1 0.65369  E 04

bb.97506 E 03 0.16000 E 03 0.17946 E O1 0.79484 E 04

®Read as 0.20407x107 Y.
b
Read as 0.37006x103.
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Figure IV:3. - Space-charge curves used in analysis of current-voltage data from planar diodes.

going from the Maxwell-Boltzmann limit to saturation Vg mpr, + Voo 18 uniquely
determined. These functional relations are useful in tréating experimental data
and have been compiled in table IV:1l. Xnowledge of any one of the terms,

%m e %G, 00 X%,O/y%,MBL’ or Vg ypr, + Vg,0, Uniquely determines all other
quantities. It should be noted that Xé,O/XE,MBL is equivalent to J,/Jympr,

and also Vg MBI, + VC,0 corresponds to the difference in applied potential (in
dimensionless volts) {hat exists between the Maxwell-Boltzmann limit and the
saturation condition. A convenient manner to present the unique relation of
the current voltage in the space-charge region is shown in figure IV:3 where the
logarithm of JO/bMBL is plotted as a function of applied potential

VE,MBL * Ve¢,0 (solid line). Included in the plot is the straight line (dashed)
representation of the Maxwell-Boltzmann line and an unlimited emission curve
(dashed line) that will be discussed in section VI. The solid line is the
master curve discussed by Nottingham in reference 2. The utility of the master
curve 1s that, with a minimum of experimental information, it permits the quick
establishment of the relations between dJmpr,, Jo, and the applied voltage dif-
ference and also provides a starting point for a more detailed treatment of
space-charge theory.

V - APPLICATION OF MASTER CURVE

Graphical solutions of space-charge relations are achieved with the "master
curve" by plotting the experimental current-voltage data as the logarithm of the
current against dimensionless volts on a separate sheet in scales self-
consistent with figure IV:3. (The use of dimensionless volts implies knowledge
of emitter temperature, which can be determined from the slope of the Maxwell-
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Boltzmann line (eq. II:2) or from direct measurement). The master curve then

is shif‘ted so that the Maxwell-Boltzmann limits coincide and coordinates of the
two sheets are parallel (transparent master graphs or templates are quite useful
for this purpose). The current is now normalized in the ratio form in terms of
the ordinate of the master curve. The experimental curve must intercept the
master curve at the unique condition of zero field at the emitter if space-
charge behavior exists. Thus dJp and related quantities such as work function
can be established. The ratio of JO/jMBL or the dimensionless potential in-
terval wE,MBL + WC,O can be used to identify XE,MBL and XC,O through

table IV:1.

The effective spacing can be determined from *E ,MBL, OF Xg,o @&nd equa-
tion (III:2) since T, Jupr,, 8nd Jg are also known. As stated ﬁreviously,
figure III:1 (p. 7) graphically relates X, w, and emitter temperature for
both ions and electrons and thus is convenient for determining spacing.

Reiterating, two procedures exist by which the saturation current can be
determined from the current at the Maxwell-Boltzmann 1imit. The first requires
knowledge of JwmBL, T, and w that corresponds to ¥Xg,MBL; this in turn defines

the ratio of JO/JMBL as given in figure IIT:1. Other relations such as ¥u g

2
and Vg + Vg are found directly in table IV:1l by entering at JO/JMBL or
XE,MBL~ An alternate procedure does not require knowledge of spacing but re-
quires that the experimental current-voltage data possess a saturation behavior
at a distance equal to the distance that exists when the Maxwell-Boltzmann limit
is determined. An intercept technique based on transposing actual data on the
theoretical curve provides a solution to the space-charge relations. Once the
two end points of the space-charge region are established, transition curves of
current-voltages between the end points can be determined. This is the subject
of the next section.

VI - TRANSITION CURVES IN SPACE-CHARGE REGION

If it is assumed that the zero field at the collector is established and
that the space-charge relations govern the current-voltage behavior up to the
saturation condition, it is possible to establish the entire current-voltage
characteristic in the space-charge transition region for any given set of start-
ing conditions. The method is merely an extension of the procedure given in
section IV and is based upon the effect of the Boltzmann relation on transmitted
current.

Returning to figure IV:1 two additional terms of use in the following

analysis are the distance from the emitter surface to the space-charge minimum
xM and the corresponding distance to the collector xy. Then

W=XM+XN
As before, the potential in the emitter space is described by

xg = flg) (vi:1)
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(e.g., table I11:1(a), p. 7) and in the collector space
X = /Vg) (VI:2)

(e.g., table ITT:1(b), p. 7). In the region where the space-charge minimum is
in the interelectrode space, the dimensionless distance is

X + = VI:3

Also

KJrJEéIZJ(XM +xy) VE,MBL, - VE
XM+ Xo,N = 5/% — exp ( B > lM) (VI:4)
T

(refer to fig. IV:1 for an example of the dimensionless potential distribution).
Since xy + Xy = W,

v - ¥
XC,N = XE,MBL exp (E:M-BLZ E;M) "X'E,M (VI:S)

or

Q) = | %8, Mmr, exp (wE’MBL : WE’M) - [ ) (VI:6)
. —

eq. (VI:2) eq. (VI:1)

Equation (VI:6) is sufficient to solve the entire space-charge transition
curve for any initial value of XE MBL* The procedure is tedious since it
involves (1) starting with a given’ Xg mpr, end therefore Vg ymr, (2) choosing

2

space-charge barrier Vg,M, slightly less than Vg, MBL> (3) establishing the
corresponding value of ¥gsy, (4) solving for Xo.» @nd (5) determining the
value of Vg (eq. (VI:2§). ?

2

Knowledge of WC,N for the assumed initial conditions is sufficient to

establish one current-voltage point of the transition curve. The current ratio
J/JMBL is known from the starting conditions through the Boltzmann relation

J
E— exp(Vg M1, - VE,M) (VI:7)

The surface potential referred to the Maxwell-Boltzmann limit is

Vg e T YE,m T Vo,n (vI:8)

(see fig. IV:1l). The remaining points of the transition curve are found by
repeating the previous process for additional incremental changes in WE M
2
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TABLE VI:1,- LISTING OF COOKDINATES FOR CUMRENT-VOLTAGE TRANSITION CURVES IN SPACE-CHARGE REGION

Current Dimensionless distance at MBL, X MEL

density 7R, b,
ratio, 10,2/0.3{0.4| 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.808
3/ Iyar,

Surface potential referenced to MEL, Vg o = wE ut wc N
» > s

-—=[---1---10.1184(0.1088 {0.1048 |0.1026 {0.1013]0.1005} 0.1000{ 0.09964| 0.09942 [0.09927|0.09918 | 0.09913| 0.09911 0.09919 0.09920
.273

.2122( ,2060] .2024] .2002| .1987 .1978 L1972 .1968 .1966 .1966 .1967 .1967

.3328| .3155] .3062( .3008| .2973 .2952 .2938 .2930 .2928 .2925 .2927 .2927

0.4742|0,4318(0.4127}0.4021| 0,3957 | 0.3918 |0.3894 |0.3880 0.3873 0.3870 0.3872 0.3873

.7044( .8375| .6084( .5924 .5831 .5776 5744 .5728 .5722 .5725 .57286
1.1077|=emmma] cmmmer| mmmmme] mmm e [ e [ e e e e e e

250

300
400
500 -

aDenotes intercept with masfer curve.

PUnlimited emission condition as caleculated by eq. (vII:1).
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until the limit, where WE,MBL - WE,M = 0, and thus saturation conditions are

obtained.

Numerical solutions of the transition curves (i.e., typical current-voltage
curves in the space-charge region) have been determined and are listed in
table VI:1. The intervals are sufficient for the determination of most space
charge dominated current-voltage characteristics. The ratio of JﬁﬁWBL and the
corresponding value of surface potential difference (WE,MBL - WE,M + WC,M) are

presented for the range of XE,MBL (current density, temperature, spacing, and
charge to mass ratio) of usual interest in space-charge solutions.

VIT - LIMITING SPACE-CHARGE CURVE

A result of interest with regard to the current-voltage transition curves
ig the similarity of the current ratio J/JMBL and applied potential for those
conditions where ¥g Mpy, &pproaches 1.806. If table III:1(a) (p. 7) or fig-
ure III:2 (p. 9) are referred to, it can be seen that, at values of ¥ > 10, Xg
is nearly to the limiting value (1.799 compared to 1.806). For all practical
purposes over the range of voltages for which WE,MBL is greater than 10, the
current across the diode 1s independent of the emission capability of the emit-
ter. Surface barriers are suppressed, space charge dominates, and the emitter
acts as if it possesses unlimited emission capability.

When VE ,MBL is greater than 10, the assumption that Xg,MBL 1s nearly
equal to 1.806 permits the description of the transition curves by the following
approximation of equation (VI:6):

f(ve,y) ~ 1.806 [ech (WE’MBLZ_ WE’M)]- 1.806 (VII:1)

This approximation is based upon the following:
(1) Wnen Vg ML, > 10, Xg wpr, ~ 1-806.

(2) Also, Xg 1~ 1.806 at Vg, neer 10.

(3) At the lower values of wE,M’ [;xp (WE,MBL - WE,M}]>> X,
Then

exp (Vg,MBL - VE,M) = J—§BL (VII:2)

The ratio of J/UMBL as a function of change in applied potential from the MBL
limit (WE,MBL - Vg,m + WC,M) may be determined directly. This result is tabu-
lated in the lagt column in table VI:1l and corresponds to the curve labeled un-
limited emission in figure IV:3 (p. 15). The unlimited emission curve provides
an adequate representation of the current-voltage regions for space-charge
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limited current conditions over a wide range of applied potentials and accu-

rately reflects the current-voltage trends during the initial application of

accelerating potential for almost all cases where space-charge effects are of
significance.

VIIT - REMARKS CONCERNING APPLICATION OF SPACE-CHARGE THEORY

It is generally impossible to separate the electron current from the ion
current so that the Maxwell-Boltzmann limit for the ion current is quantitatively
established. Only in extreme cases of high ion current density and a minimum of
collision phenomena is the match between theory and experiment satisfactory. A
more applicable space-charge treatment of ion current deals with the determina-
tion of the applied voltage needed to reach ion saturation at the condition
before the onset of the Schottky effect. The procedure requires a reasonable
estimate of the saturated ion current Jo. In general, this is calculated Dby
knowing the arrival rate of cesium atoms, cesium ionization potential, and the
estimated or measured emitter work function. The Langmuir-Saha equation or some
modification of it may be used to calculate the anticipated zero-field ion cur-
rent density. The value of the constant K (eq. (III:2)) is 1.442x107 for the
case of cesium ions. If this value is used along with the other data in equa-
tion (III:2) or figure IIT:1 (p. 6), the value of X¢,0 may be computed.
Reference to table ITI:1(b) (p. 7) establlshes the correspondlng value of WC o*
This quantity when multiplied by kT/q then gives the potential difference
between the surface of the emitter and the surface of the ion collector, which
must be established in order to obtain the zero-field ion emission. This infor-
mation coupled with the Schottky treatment of current-voltage information (to be
discussed in sections IX and X) provides a useful step in analyzing current-
voltage information.

The use of the generalized space-charge relations also involves the presen-
tation of the experimental data in a form similar to the master and unlimited
emission curves shown in figure IV:3 (p. 15). The procedure previously outlined
required transposing the curves so that the Maxwell-Boltzmann limits coincided.
The crossover of the experimental curve with the master curve gives zero-field
emission and permits the direct determination of spacing w. BExperiment has
shown this value is in excellent agreement for the vacuum diode (ref. 2). The
transition curves are also accurately described by the unlimited emission curve
at the initial values of applied potentials. The plasma diode at extremely
close spacing exhibits space-charge behavior in close agreement with the analyt-
ical predictions. If, however, as is true in many cases, the spacing is greater
than a single mean free path for an ion or an electron, the development of
plasma conditions tends to make the effective spacing considerably less than the
true one. Semiquantitative information on the nature of the barrier in terms of
height and location can be obtained by the use of the space-charge relations.
The unlimited emission curve can also be used as a useful "barcmeter" of the
applicability of the space-charge relations. The experimental data that clearly
exceed the condition of "unlimited" data indicate the single-charge space-charge
relations cannot be applied in a direct fashion and suitable adjustments must be
made. The conditions in which this occurs in the case of electron transmission
are often those of large ion currents. In the cases where the large ion current
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predominates, application of the space charge to the ion often yields useful
information enabling a sorting of electron and ion currents.

concept.

IX - GENERAL DISCUSSION OF SCHOTTKY MIRROR-IMAGE THEORY

Schottky (ref. 6) was one of the first to call attention to the mirror-image

The force acting on an electron as it progresses from the surface of a

uniform conductor out to a point well outside of the conductor is dominated by
the attraction between the electron and the induced surface charge of the oppo-

site sign distributed over the conducting surface.

This statement implies that

the outside space is electrostatically field-free except for the field produced
by the electron or ion and its induced surface charge.

mirror-image potential function.

Figure IX:1 has been prepared to give an accurate scale drawing of the

Two curves are shown.. The upper curve is the

potential function for an electron, and the lower curve is the potential function

for a positive ion.
the electron or ion to the surface.

In both cases the mirror-image force is one which attracts
Thus, electron energy levels lie in this

potential-function plane below the electron potential function line; ion energy
levels lie above the potential function.

Fermi level
N

Potential, v
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Figure IX:1. - Mirror-image potential function for electrons and
singly charged ions.

Some ambiguity exists in the
point of termination of the mirror-
image potential function. Figure IX:1
indicates intersection at the Fermi
level for the electron image function.
The ion image function is considered
to be symmetrical with respect to the
electron image function. The axis of
symmetry is the zero potential line.

Figure IX:1 displayed the elec-
tron and ion functions in the absence
of any external electrostatic field
produced by surface and/or space
charges. The superposition of elec-
trostatic forces and the mirror-image
forces permits the display of poten-
tial functions in the presence of
combined forces. Figure IX:2 illus-
trates the superposition and has been
prepared to show two important facts.
The first relates to the potential
functions with zero external field.
The ordinate scale has been expanded
a factor of 10 to show that at a dis-
tance of 1.4x10-8 meter, the poten-
tial function differs from that at
infinity by only 0.026 electron
volt. This energy is the electron
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Figure_IX:2. - Mirror-image potential functions in presence of ion accelerating field
of 107 volts per meter,

volt equivalent of room temperature. Thus, for all practical purposes, the
mirror-image force is of 1little or no consequence at a distance from the con-
ducting surface of 10-8 meter (approximately 40 to 100 atomic radii).

The second fact relates to the potential functions associated with an ion
accelerating field of 107 volts per meter. Again, all ion energy levels lie
above the ion potential line, shown here as a solid line. Similarly, the elec-
tron energy levels all lie below the electron potential line shown as the dashed
line. TIon removal from the surface is enhanced by the accelerating field. The
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critical distance for ion escape has been brought to approximately 0.6x10"8
meter, and the necessary initial kinetic energy for escape has been Yowered by
0.12 electron volt. (The effects are identical for electrons in the presence of
an electron accelerating field). The atomic scale of the dimensions involved in
the location of the critical distance and point of the termination of the mirror-
image function permits the simple superposition of the Schottky effect on the
thermionic emission, the space charge, and the sheath relations treated in this
report. The relations that follow are limited to accelerating fields of 107
volts per meter or less. Field strengths greater than this introduce a proba-
bility of electron tunneling and are also more dependent on the nature of the
force function near the emitter surface. Morris (ref. 7) has analyzed Schottky
(and penetration) effects on electron emission for a mirror-image function ter-
minating on the conductor surface at the Fermi level. The comparison (ref. 7)

of the terminated image function to the more usual simple nonterminated form in-
dicates that, at field strengths less than 107 volts per meter, the current den-
sities of the two cases deviate by only 1 percent. Field strengths greater than
107 volts per meter are unlikely in & thermionic converter; therefore, the simple
formalism of the Schottky effect based upon the nonterminated image potential

ig used in the development of the equations in this section.

As a consequence of the experimental fact that both electrons and ions
leave a heated surface with a Maxwell-Boltzmann energy distribution, it is pos-
sible to write the equation for the variation of current density produced by a
variation in the surface field applicable to both particles. This result ex-
pressed in logarithmic form is

-5pl/2
1n 7 = 1n gy + (3:8X10 ? /2)11 606 (1x:8)
As a Tirst approximation it is practical to assume that the electrostatic field
E is directly proportional to the difference in the surface potentials of the
emitter and the collector.

The surface potential difference is determined from the applied potential
by correcting for the contact potential difference (¢ considered positive only)

Vo = (o] - 9p) (IX:9)

The plus sign applies for an ion accelerating field, the minus sign for an elec-
tron accelerating field. The assumption that E 1is proportiocnal to the applied
voltage corrected for contact potential can be expressed in terms of geometrical
factor identified as the "effective spacing"”. This proportionality factor then
appears as
Vo, - (#V4)
Bo-—2__ C _ c (1X:10)
eff

where Vg (the applied potential) is treated as a positive quantity if it pro-
duces an accelerating field for the particle in question., After this substitu-
tion is made in equation (IX:8), it may be written in either of the following

forms:
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1/2

Vg - (£V
InJ =1n J. + 3.8x107° [ B - ( C)] L1 606 (IX:11)
0 W T
eff
or /
Vp - (2Vg)]3/2
login J = log, . J, + L1.65X107° Vg - (2Vg) 11 608 (1X:12)
10 10 0 Verr 7

These equations suggest that the logarithm of the current density should be
plotted as a function of the square root of the applied voltage (corrected for
contact potential difference) divided by the electron volt equivalence of tem-
perature. If a straight line results, it is then justified to assume that the
linear relation expressed by equation (IX:10) is applicable. Field distortion
which results from geometrical factors only does not interfere with the linearity
of the plot but simply gives an unrealistic value of Wepp. Space-charge effects
are the most serious and the most difficult to include in the analysis since

then I will be a nonlinear function of V. If the space charge is due to the
ions or electrons being measured, the field itself will always be weaker than
that computed from geomebrical considerations. If the space-charge present is

of the opposite sign, then the field will be stronger than would be computed by
equation (IX:10). Both of these effects become less important at higher values
of applied voltage. This can be seen in figure IX:3, which is a typical
"Schottky plot" of cesium ion emission observed in a thermionic converter oper-
ating at voltages corresponding to a strong ion accelerating field. It is legit-
imate to apply equation (IX:12) to data of this type by drawing a straight line

13— Measured
diode spacing,
B u
843

L2

4 +logy lion current)

a0 Al I T I T N

0 10 2 30 4 50 60 70
Qv - D12fq

Figure iX:3. ~ Typical Schottky piot of cesium ion emission from tungsten emitter
in planar thermionic converter. Emitter temperature, 1472° K; cesium reser-
voir temperature, 470° K; 3 - = 1.
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through the higher voltage data and extrapolating the line to zero voltage

(based on surface potential difference). The value of logip J 1is thus estab-
lished. The slope of the line gives the value of spacing. This may be expressed
explicitly as

2.72x10-10
_—nm

Weff = o2 (IX:13)

In this equation, S 1is the slope of the straight line drawn when 1oglo J 1is
used; that is,

T 1og1g Iy - logig Jp

S = T
11 606 fr; - (2vg) - ~/V2 - (#V¢)

(IX:14)

X - CONCLUDING REMARKS CONCERNING USE OF SCHOTTKY THEORY

Although the theory reviewed in the previous section of this report has
generally been applied to electrons, it is equally valid as it applies to ioms.
The theory is most likely to be of value in the treatment of ion currents in the
analysis of voltage-current curves taken in a plasma diode. When the ratio of
the emitter temperature to the cesium bath temperature 1s less than 2.9, the
sheath condition at the emitter is generally electron rich. Ton current data
taken in a very closely spaced diode and with applied potentials approximately
2 volts more negative than the open-circuit voltage in this electron-rich region
follow the Schottky theory quite well. The slopes are very consistent with the
actual spacing. The extrapolation of the line to establish the zero-field con-
dition ylelds information by which & comparison can be made with the Langmuir-
Saha theory of ionization. This method of analysis applied to spacings that
are large compared with the mean free path of the ions often results in a nearly
straight line display of the data, and yet the slope of the line is far in ex-
cess of that anticipated from geometrical considerations. Thus an abnormally
small value of Weff 1in comparison with the actual value is interpreted as a
direct indication that a "plasma" or "collisional" condition has developed in
the interelectrode space. The field is no longer directly proportional to the
applied voltage but is greatly distorted by the presence of space-charge and
collisional effects. The observed current falls very much more rapidly with a
change in voltage and therefore corresponds to a much steeper slope of the
Schottky line than can possibly be justified on the Schottky theory basis. Such
an analysis still has value in that the experimental results cast in this form
clearly illustrate that the flow of ions is inhibited by the presence of the
atoms in spite of the fact that an ion accelerating field is presumed to exist
across the entire interelectrode space.

The Maxwell-Boltzmann portion of the log - current-voltage curve is usually
linear over several orders of magnitude of current flow in a well-controlled
vacuum diode experiment. Subsequent interpretation of the space-charge region
leading to the determination of emitter and collector work funection is quite
direct by the techniques described in the earlier sections of this report. The
presence of ion currents even though small distorts the Boltzmann line and in-
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terferes with the "single-charge" interpretation of the net current results. A
Tirst step in the reduction of the net current data (where _J << _J) is the

use of the Schottky analysis to determine the zero-field ion current. IFf this
value and other terms in X indicate the ion space-charge effect is minor, then
the net current can be corrected directly for the ion current contribution. As
the accelerating potential is reduced and the simple corrections become more
inaccurate, the large electron current will usually dominate and mask the un-
certainties in reflection and space-charge effects on ion currents.

XI - REVIEW OF SHEATH AND PLASMA THECRY OF ISOTHERMAL DIODE

Voltage-current curves of a cesium plasma diode operated at extremely close
spacing are quite readily interpreted in terms of conventional formulations
based on the Richardson-Dushman emission equation, Langmuir-Saha (ref. 8) ion
production probability equation, conventional space-charge theory, Schobttky
(ref. 6) theory, and extrapolation of Langmuir-Taylor (ref. 9) cesium coverage
data. It is particularliy interesting to observe both the ion and electron cur-
rents at various spacings when the emitter temperature T and the cesium tem-
perature Tgg are related in terms of their ratio by 2.9 < (T/Tgg) < 3.4.
Within this range, conditions near the emitter go from electron rich to ion rich.
It is assumed that under the latter condition, there is no difficulty collecting
the full value of electron emission current available at the emitter. Experiment
shows that over a limited range in spacing, this full current is observed, but
as the spacing is increased to become comparable with the electron mean free
path an electron space-charge barrier develops to inhibit the flow in spite of
the ion-rich condition near the surface (ref. 10). The reverse of this picture
applies if the emitter sheath is electron rich. The ion production observed at
larger spacings often falls below that observed at close spacings. In both
cases, it is believed that a plasma condition has formed close to the emitter
and that variations in applied collector potential modify the collector sheath
more noticeably than they do the electron- or ion-limiting barriers. In recog-
nition of this observation the theory of the isothermal diode was analyzed in
detail (ref. 11) so that information on the potentials associated with the
plasma could be established. A brief review of the results of the isothermal
analysis is included to show how the numerical results were established. Inas-
much as the eguations and their derivations are readily found in the literature,
the emphasis of the following sections will be placed upon presenting the equa-
tions in a form that permits gquick application to experimental data. The re-
lations involving numerical values of cesium vapor pressure differ from those in
reference 11 since more recent vapor pressure data are used.

The first step in the development of the theory of an isothermal diode
comes from an application of the Saha (refs. 8 and 12) equation, which relates
the concentration of ions or electrons (since these are equal) to the temper-
ature, concentration of atoms, and the ionization potential. This equation is

v, \]1/2
2 2ﬁka}3/2 n avi
4np = _ng =[ ( 3 % explyg (1 - £)1/2 no. /m®  (XI:1)
The random current for cesium ions is directly expressible by
5 vy 3
In Jp=-17.51+7InT -+ 1lon amp/sq m (X1:2)
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Figure Xi:1. - Examples of potential diagrams for three different work functions.

The random current of electrons is given by

5 avy 1
= - 11.31 + 2 - + = :
In _Jp 11.31 + 7 1n T =7 ' 3 ln n amp/sq m (X1:3)

These two current densities are related by the square root of mass ratio (492)
Tor cesium.

An isothermal plasma is generally bounded by a material substance in which
it is possible to identify the Fermi level. As a result of the definition of
chemical potential (e.g., ref. 13) and the use of equation (XI:2), the plasma
potential, relative to the Fermi level of the surrounding material, is given by

Vs
=K (2531 +3anr+ 21 _1anga) v (XT:4)
1 2 kT 2

The diagrams of figure XI:1 illustrate three examples. The first is the
potential diagram associated with the absence of any plasmsa sheath found when
the work function is equal to the plasma potential. In figure XI:1(Db), the
work function is lower while figure XI:l(c) applies to a high work-function
surface. In each case, the electron emission from the surface is equal to the
electron current impinging on the surface from the plasma. The net electron
current at the boundary and any position in the sheath is always zero. The net
ion current at the boundary and in the sheath is also always zero.

Since diodes for the thermionic conversion of heat to electricity are never
isothermal, the application of the aforementioned results is somewhat qualita-
tive; thus there is seldom any need to determine the isothermal plasma potential
to an accuracy better than about 1 percent. TFigure XI:2 serves to relate the
plasma potential to the isothermal temperature and the cesium atom density ex-
pressible in terms of the corresponding cesium condensation temperature. For
more accurate results, a very simple formula may be used with the help of the
correlation chart given as figure XI:3. Both approaches are based on non-
collisional transport in the interelectrode space. The equation to be used
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Figure XI:3. - Correlation chart for f(Toc) as function of cesium reservoir temperature used in equation
(X1:6) (u=1.799 +f(TCS)Tx10‘3, V) for computation of isothermal plasma potential referenced to Fermi [evel.

with this chart is m

b= 1.799 + £(Tpg) ) (XI:8)
1000

XII - FOWLER POTENTIAL FUNCTION IN SHEATH

The Fowler (ref. 14) solution of the space-charge equation is used to give
a determination of the distribution in potential in the transition region between
the surface of the surrounding conductor and the plasma potential u. Fig-
ure XIT:1l defines certain essential points. The mathematical solution allows
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the potential to approach a value of ® by assuming a "fictitious" surface
which lies inside the true surface a distance =x5. The detailed development of
the equations in this section is given in reference 1ll. The Fowler solution is
simplified by the introduction of a distance parameter similar to the "Debye
distance"; the Fowler distance differs only by a factor. This parameter is

given by

1/2

1 (eok)H/@ m1/2 7l/2 -3

X, == = 34,5 m or 5x10”° Debye lengths (XII:1)
172 Tq w /2 gt

The exact equation for the distance from the fictitious surface to the real sur-
face is given by

N-1
= X \/5 In |tan -?E—:—i =X 1/5 In 1 + 2 nm
o~ 2T 1 Py - M
a
exp 2kl -1

(X11:2)

The insertion of realistic values into equation (XII:2) shows that x
seldom deviates from X7 as much as a factor of 2. A specific numerical illus-
tration may be of interest as it applies to the temperature ratio Tl/TCs of
2200° K/660° K, vhich yields a value of xj of 1.42x10-7 meter. The corre-
sponding values of ¢ and p are 3.18 and
2.83 volts, respectively. With these values
substituted in equation (XII:2), the value of
xo 1s 1.68x10-7 meter, which is only
20 percent larger than X7

Fermi level

The Fowler space-charge equation ex-
pressed in terms of the potential function
Vx relative to the isothermal plasma poten-
tial is given by

(XI1:3)

: !

]

1;”

| . .

lll _~Fictitious surface This equation may be solved to give the dis-

- tance x from the fictitious surface to a
x=0 specific value of the potential relative to

Figure XII:1. - Potential diagram for positive ion sheath. the plasma potential. The equation is
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-1
V. -
X = X \/5 1n [tann -2~ % m (XII:4)
4kT
a

The distance to a given value of the potential relative to the real surface re-
quires the subtraction of x5 (eq. (XII:2)).

It is often desirable to know the sheath thickness so that it can be com-
pared with the actual interelectrode spacing. Inspection of equation (XII:4)
shows that as Vy approaches u, the distance x approaches infinity. This
means that there is no absolutely sharp boundary to the space-charge sheath;
thus some criterion should be chosen to esbablish a finite distance. One such

practical criterion would be that |Vy - p| = kT/q since this quantity is a

good measure of thermal energy of the charged particles involved. This partic-
ular value of the distance defines the symbol xv and 1s given by

= = 1.99 x m XII:5)
i 1

The distance from the actual surface depends on the value of xp given by
equation (XIIL:2) and may be computed by

2

K = Xn = X 221,407 - In |1 + - - m XI1:6

v 0 1 V2 P - M 1 ( )
exE 2kT -

qa

If the difference in potential across the sheath (p; - u} is 3kT/q or more,
the approximate form of equation (XII:G) is given by

¢ - H
2KkT
a

o - Xg m X ~/2 [1.407 - 2exp - m (XIT:7)

Equation (XII:2) expanded in series form is

xp = x1 2 —2— <1 PRSI T — + > m (XTI:8)

Wl Sexp ¥,  Sexp 2¥q
exp —
2
where
N T
vy T
d

31



The error in the use of only the first term of this formula is less than 1 per-
cent for (o1 - L)q/kT = 3.5; if two terms are used, the 1 percent error is at

Y1 = 1.5.

The Fowler solution of the sheath analysis also establishes the field at
the surface

ay
L =z sinh.%% (XI1I:9)
dcgg

In dimensional form, the field at the surface becomes

/
v 2kTn
X - (222D 2 sinh & - & V/m (XI1:10)
dx € 2kT

o} —_—

a

An approximate logaritimic form valid for V¢ > 4 1is

dv.
X 1 1 - U
ln(&-—)z - 13,247 + E in l’lP + '2_ In T + S%k_' (XII:ll)
a

XITT- RELATION OF ISOTHERMAL DIODE THEORY TO SCHOTTKY REDUCTTON IN WORK FUNCTION

Under some conditions of operetion of practical thermionic diodes, strong
ion accelersting sheaths may form which in turn increase electron emission. The
increased emission may result in part from a reduction in work fumnction in ac-
cordance with the Schottky mirror-image theory. The relations given below are
based on equations in sections IX and XII and are given in a form that permit
a direct calculation of "sheath" enhanced electron emission current.

A logarithmic form of equation (IX:8) is

I av

F 1 X

1ol L) = - 10.179 + 1n({-4. L1 _> XIIT:

1n n<IO> n<kT> tzinl\gzs) (XIII:1)
X—XO

In these equations, Iy is the emission current in the presence of the electron
accelerating field of strength calculated by equation (XII:10) or (XTII:11).

The symbol Ip 1s the current density from the emitter when the field is zero.
This equation may be combined with equation (XII:lO) to give a useful logarithmic

expression as

L P - K
i 1 3 1 . 1
)= - 14,117 + = 2 4 = AL
1n <ln IO> 1 7 7 In np + 7 in o + 5 1n Sll’]h< ST >
q (XTI1:2)
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A second form of this equation depends on the use of equation (XII:11l) in equa-
tion (XIII:1). This result, good when (¢y - u)/(kT/q) > 4, is

I -
ln<ln _E>= - 14.463 + T Inny + S 1n ﬂ.) s (XIII:3)
To Z Z T 4T

q

To make direct calculations from the atom density and temperature without
first determining Ny the exact and the approximate formulas are, respectively

F) _ i 1 P1- K
1ln ln<§0> = - 6.216 + ln(£T> o T 1n n+zln si nh< ST (XIII:4)

a

For (91 - p)/(kT/q) > 4,

IF) 9 aVy 1 P - W

n In(E)~-6.562 + = InfL) - 2L s+ = 1nnp + = __ XITI:

& n(Io 8.562 + 77 (kT) &t 8 T O (XTTI:5)
q

XTIV - CONCLUDING REMARKS CONCERNING ISOTHERMAL DIODE THEORY

The isothermal diode theory suffers from the limitations involved in all
equilibrium approaches. Ibts application to a thermionic converter represents a
major perturbation to the basic assumptions; however, since a semiquantitative
insight into the properties of a diode can be achieved from such a simple util-
itarian approach, its judicious use is of value.

The exact descripbtion of the sheath region and the equations of sheath
thickness and surface field have been formulated by the isothermal diode theory.
The relations would be expected to give a first-order approximation of the sheath
and plasma at the condition where the random current is considerably larger than
the directed current. Such a condition could occur when the cesium pressure is
quite high and the Tl/TCs is in the region where electron emission is modest.

A similar condition can be encountered when the diode is operated with applied
potential sufficiently retarded to inhibit the transmission of the electron cur-
rent. Houston (ref. 15) has indicated reasonable agreement of his experimental
data with isothermal theory at these conditions.

Lastly, a great deal of ubility is derived from the isothermal theory in
establishing some of the properties of the plasma conditions. TIts use in con-
Junction with the space-charge theory helps to define the conditions where tran-
sitions between space-charge and plasma effects may appear in experimental re-
sults.
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XV - ADDITIONAL AIDS TO ANALYSIS OF THERMIONIC CONVERTER PERFORMANCE

Continual use of the Richardson-Dushman emission equation is made in the
analysis of thermionic converter data. Excellent charts exist that provide
graphical solutions for these relations (see Iuke (ref. 16), for example); how-
ever, the charts that are available often do not cover the range of interest in
the detail degired. Presentation of comprehensive detailed charts to cover each
situation involves the obvious problem of generating excess information. There-
fore, a compromise has been made. Solutions to the Richardson-Dushman equation
which is

Jo = 1.2x106 T2 exp (: %% amp/sq m (xv:1)

in terms of the work function have been tabulated (table XV:1) for a range of
current densities of 10-3 to 10-6 amperes per square meter and temperatures
from 500° to 3200° K.

The exponential relation between the work function and current density per-
mits the linear display of the tabulated results on semilog graphs in the form
shown in figure XV:1. The tabulated solution provides a convenient compilation
of the intercepts of each constant tempersture line. Thus the user can select
the range and scales of interest and quickly tailor the charts to his own use.

Cesium vapor pressure and related properties are also of primary interest
in thermionic conversion. Several adequate references (refs. 17 and 18) exist
and are presently in use; however, recent vapor pressure data in the 700° to
1300° K range indicate some small corrections should be made, particularly if
thermodynamic consistancy is to be attained for cesium vapor in equilibrium with
the liquid or solid phase. Heimel (ref. 19), in his review of the thermodynamic
properties of cesium, recommends that the following equation be used for the
vapor pressure of cesium:

logo P (N/sam) = 22928:30 _ 0915282 log), T + 12.05025  (xv:2)

FEquation (XV:2) was selected since it represents a reasonable compromise among
the known thermodynamic properties of cesium.

An alternate expression (ref. 19) for cesium
vapor pressure based only on the various vapor pressure

. \\\{\\ data (including recent work) is as follows:
1
- T, _ ~5920.38 _
. logy, p(N/sqm) = — 0.519781 log,, T+ 10.71914
- 1
A\ | | (Xv:3)

Work function, ¢, V

—_ —
(=] o
el N

—
(=]
(=]

—
o
1

—

Current density, J, amp/sq m

i X Equation (XV:3), although in excellent agreement
Figure XV:1. - Typical presenta- . X

tion of Richardson-Dushman with experimental vapor pressure data (least-squares
equations. fit to the three-term expression), leads to incon-
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TABLE XV:1. - CUMPTLATION OF IWTERCEPTS OF RICHARDSON-DUSHMAN EQUATION FOR USE IN PREPARING GRAPHICAL SOLUTIONS

Tem- Current density, amp/sq m Tem- Current density, amp/sq m Tem- [Current density, amp/sq m
era - 1 pera : I pera
tore,| 203| 10° | 105 | 106 || ‘ture,| 103] 109 | 103 [ 10F ture,[ 100] 10% | 10° |
o [J

K Work function, eV K Work function, eV s Work function, eV
500 1430 1.139 O.b4l 0.543 14030 44270 3.436 2.603 l.770 2300 5.842 4,473 3.104
510 L.4617 1.163 0.30L0 0.556 1410 4.302 3,463 24623 1.784 2310 5.869 4,494 3.120
520 1.497 l.l¥8 0.578 0.569 1420 44334 3.483 24644 1.799 2320 5.896 44516 3.135
530 1.5¢8 J.212 0.a397 0.581 1430 4,366 3.515 2.664 1.813 2330 5.924 4.537 3.150
540 1.958 1.237 0,315 0.594 1440 44399 3.541 2.684 1.827 2340 5.951 4.558 3.165
550 L5439 l.201 0. 134 0.607 1450 Get3l 3.568 2.705 1.842 2340 5.978 44579 3.180
560 1.619 1.286 0.453 0.619 1460 4.463 34594 24725 1.856 2360 &6.008 4.600 3.196
570 l.oby 1.311 0.44172 0.632 1470 4,495 3.620 2.746 1.871 2370 6.032 4e622 3.211
5680 l.681 1.336 0.930 0.645 1440 4.928 3.647 2.766 1.885 2380 6.059 4.0663 3.226
590 1.711 1.360 1.009 0.658 14490 44560 3.673 2.786 1.900 2390 6.087 4. 664 3.242
600 l.742 1.385 1.028 0.671 1500 4.592 3.700 2.807 1.914 2400 6.114 4.685 3.257
610 La713 1.410 1.047 0.684 1510 4.625 3.726 2.827 l.929 2410 6.141 4.707 3.272
620 L. 804 1.435 t.066 0.697 1520 4.657 3.752 2.848 1.4943 2420 6.168 4.728 3.287
630 l.835 1.460 1.085 0.710 1530 4.689 3.779 c. P68 1.95%0 2430 6,195 4. 749 3.303
640 L.80Y 1.485 L.104 0.723 1540 4.722 3.805 2,889 1.972 2440 6.223 4.770 3.318
650 1.890 14509 1.123 0.736 1550 44756 3.832 24909 1.987 2450 6.250 4.792 3.333
660 L.927 L.534 1.142 0.749 1560 4.787 3.658 4.930 2.001 2460 6.277 4,813 3.349
670 L.95b 1.559 l.161 0.762 1570 4.819 3.885 24950 2.016 2470 6.304 4.834 3.364
680 1949 l.984 1.180 0. 775 1580 4el51 3.911 2.971 2.030 2480 64332 4.855 3.379
690 2.020 1.0609 1.199 0.78R 1590 4o RBG 3.938 2.991 2.045 2450 6,359 4.877 3.395
700 2.051 l.645 1.218 0.801 1600 4.916 3.964 3.012 2.059 <¢500 6.386 4.898 3.410
710 2.082 1,660 lacgs? 0.814 1610 44969 3.991 3.032 2.074 2510 6413 4.919 3.426
720 2.113 1.685% 1edd0 0.828 1620 4,981 4.017 3.053 2.089 24920 ba641 4.941 3.441
730 2.144 1.710 1.275 0.841 1630 5.014 44044 3.073 2,103 2530 6,468 44962 3.456
740 2.173 1.735 1,295 0.854 1640 5.046 4.070 3.0%94 2.118 2540 6,495 4.983 3.472
750 2.207 1.760 la3la v.B867 V10 5.07Y9 4,097 3.115 2.133 2550 6.523 5.005 3.487
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sistencies in the heat of condensation of the monomer at 0° K. Tabulated values
of the two vapor pressure relations are given in tables XV:2 and XV:3. Table
XV:2 is the table recommended because of its thermodynamic self consistency.
Table XV:3 1s included as a concession to those who wish to emphasize vapor
pressure data alone. The values given in table XV:3 are more congistent with
those used in past thermionic research.

Included in the tables are related quantities of interest, namely, particle
density, mean free path for electron-neutral collisions, and atom flux rate in
terms of particles per square meter per second and in terms of an equivalent
atom current density (atom flux divided by 6.24x1018). The cross section used
for the electron-neutral interaction corresponds to a reciprocal mean free path
at stendard conditions (P, = 1400 cm-1).

The aforementioned tables, being based on equilibrium ligquid-vapor pressure
measurements, must be modified for use at the conditions existent in the therm-
ionic converter. Exact relations that describe the various properties are com-
plex because of the many possible interactions that occur in the plasma.

A useful approximate relation is derivable from kinetic theory for use in
the free molecule flow range. The result expressed in terms of a temperature

multiplying factor Rp is

_ \[TéTCs +'V[T1TCS (XV:4)

n(interelectrode) = Ryfug (Xv:5)
A
N interelectrode) = ﬁ%ﬁ (XV:6)

where the subscript Cs refers to measurements of the vapor in equilibrium with
the liquid. The flux equations to emitter and collector surface are unaltered
since free molecular flow is assumed.

Similar correction factors for the continuum condition of constant pressure
can be obtained. TFrom the perfect gas law, there results

T
n = ngg Cs (XV:7)
T
T
A= E—— %CS (xv:8)
Cs
v = st‘/?QE (xv:9)
T
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The transition between free molecule and continuum can be established by
the extensions of the previous approach but are of questionable use because the
unknowns related to plasma effects would probably mask these corrections. It
should be noted that in many cases corrections due to poor conductance between
the cesium reservoir and the interelectrode space introduce additional cor-
rections of the nature illustrated previously.

XVI -~ CONCLUDING REMARKS

Thermionic converters cannot be constructed or analyzed in detail by the
simple theories outlined in the preceding sections. Greater attention to the
various complex interactions is required to achieve these ends; however, a very
significant step can be achieved in the general understanding of the mechanisms
at play in practical converters by the approaches outlined. The point of view
used in each section was to emphasize or develop simple relations directly
derivable from existent theory. Simplicity was emphasized because of the sub-
sequent utility of the resulting equations, tables, or figures in treating ex-
perimental data. No new theories or analyses have been advanced. An attempt
has been made to clarify, combine, compile, and suggest how to use theories and
relations that are the basic foundation of thermionic converter analyses. The
cesium-filled thermionic converter has been emphasized, and many of the relations
were numerically evaluated for cesium because of the great promise of a cesium-
filled counverter. Nonetheless, the results presented are equally applicable to
other systems with appropriate adjustments of physical constants.

XVIiI - SYMBOLS
E field strength, V/m
fractional ionization

f function

Planck's congtant, 6.6242x10'34, J-sec

I Schottky enhanced emission current, amp
Io saturation emission current, amp
J current density, amp/sq m

JB electron current density at arbitrary applied voltage Vg, amp/sq_m

Jupr, current density at the Maxwell-Boltzmann limit (zero field at collector),

amp/sq m

J random ion current density in isothermal plasma, amp/Sq.m
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random electron current density in isothermal plasma, amp/sg m
saturation emission current density (zero field at emitter) amp/sq m
electron saturation emission current density (zero field at emitter),
amp/sq m
constant used in dimensionless distance parameber of space-charge
relations, (OK)S/é/ampl/2
Boltzmann's constant, 1.3805x10-23 J/°K
particle mass, kg
particle concentration, particles/bu m
cesium atom concentration, atom/cu m
cesium ion concentration, ion/cu m
electron concentration, electrons/cu m
2

A’
probability integral, P(Wl/2)= ,J= .}f e-¥e dy
b 0

cross section parameter, em=1

pressure, N/Sq m

electron charge, 1.602x1071° ¢

temperature ratio

slope of Schottky plot (eq. IX:14)
temperature, °K

temperature of liquid cesium reservoir, °K
temperature of emitter, °K

temperature of collector, °K

potential difference, V

potential difference between Fermi level of collector and Fermi level
of emitter, V

contact potential difference between emitter and collector, V



M

XN

X0

X1

Vis

PMRL

ionization potential of cesium, V

potential difference between emitter and collector surfaces at Maxwell-
Boltzmann 1imit, V

potential difference relative to isothermal plasma potential, V
distance between emitter and collector, m

effective distance between emitter and collector resulting from constant
field assumption

distance, m

distance from minimum space-charge barrier to emitter surface (in emitter
space), m

distance from minimum space-charge barrier to collector surface (in col-
lector space), m

distance at which potential is equal to kT/q in Fowler sheath analysis,
m

distance from real to fictitiocus surface in Fowler sheath analysis, m
distance parameter used in Fowler sheath analysis, 5/1/555 Debye lengths
permittivity of free space, 8.85x10-12 CZ/(N)(sq m)

mean free path, m

mean free path at Tpg, m

isothermal plasma potential referenced to Fermi level, V

particle flux density, particles/(sq m)(sec)

particle flux density at Tgg, particles/(sq m)(sec)

work function, V

barrier potential referenced to emitter Fermi level at Maxwell-Boltzmann
limit, V

emitter work function, V
collector work function, V
dimensionless distance, KJl/Zx/T3/4

dimensionless distance in collector space (see fig. IIT:1)
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Xo,N

*a,0

*g M

*E ,MBL

Ve,N

Ve,0

Vg
VE,M
VE ,MBL
V1

dimensionless distance

dimensionless distance
(saturated current)

dimensionless distance
dimensionliess distance
dimensionless distance
dimensionless potential
dimensionless potential
dimensionless potential

dimensionless potential
(saturated current)

dimensionless potential
dimensionless potential
dimensionless potential

dimensionless potential

Lewis Research Center,
National Aeronautics and Space Administration,

Cleveland, Ohio, Octob

corresponding to xy

corresponding to zero field at emitier

in emitter space
corresponding to Xy
corresponding to zero field at collector (MBL)
, aV/kT
in collector space
corresponding to Xy

corresponding to zero field at emitter

in emitter space
corresponding to xy
corresponding to zero field at collector (MBL)

(@l - u)/(kT/q) used in Fowler theory

er 26, 1965.
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